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PEEFACE. 



The purpose of the present treatise is to give a 
clear idea of Trigonometry, both Plane and Spheri- 
cal, as a science, and also to explain its practical 
utility. The whole of the book is entirely original, 
and the examples have been written with a view to 
illustrate the principles of the science and their 
practical application, rather than to puzzle the 
student by an array of difficult formula. 

The series of tables at the end will, it is hoped, 
be found very useful. 



Linden Villa, 

Tottenham, N. 



W. ROSSITEB. 
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ABBEEVIATIONS AND DEFINITION& 



Sine 


is usually written 


sin. 


Cosine 


it a 


cos. 


Tangent 


it it 


tan. 


Cotangent 


it it 


cot. 


Secant 


ti it 


sec. 


Cosecant 


>> it 


cosec. 



In any triangle the angles are usually expressed 
by A, B, and C, and the sides respectively opposite 
to these by a, b t and c. 

Sin x sin is usually written sin*, and so of all the 
other ratios. 

Angle (A + B) means an angle equal to the sum 
of the two angles A and B. If A = 40° and B = 36°, 
then A + B = 75°. 

Angle (A — C) means the angle left when C is 
token from A. If A = 40° and C = 35°, then 
A - C -= 5°. 
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X ABBREVIATIONS AND DEFINITIONS. 

By " Solution of a Triangle," is meant the finding 
the values of its three sides and three angles. To 
do this it is necessary to have given the three 
sides, two sides and an angle, or one side and two 
angles. 
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INTRODUCTION. % 

The study of Trigonometry requires a knowledge of 
Algebra and Geometry. Theoretically, it is the 
study of the relations existing between the different 
parts of triangles generally; practically, it is the 
application of the propositions so established to the 
purpose of calculating, from given data, the magni- 
tude of the sides and angles of particular triangles. 

To commence this study with any hope of pro- 
ficiency, it is requisite to be familiar with Geometry, 
especially with the Propositions established in the 
Sixth Book of Euclid, and also to have % practical 
knowledge of Algebra, at least as far as the solution 
of Quadratic Equations. 

In the edition of Euclid,* which is intended as an 
introduction to Trigonometry, the Second Book is 
discussed Algebraically, as being more completely 
understood, and also more practically available, when 
so treated. In the same manner it is proposed here 
to discuss the Sixth Book of Euclid's Elements, 
which is the one upon which Trigonometry is more 
especially established. 

Prop. 1. Triangles and parallelograms of the same 
altitude are to one another as their bases. 

Let there be any number of triangles of equal 
altitude, then these triangles are to each other as 
their bases. 

Let m be the common altitude of any two of the 
triangles ABC and DEF, and the respective bases 

* Euclid's Element* of Geometry. Tegg and Co., 
London. 18G7. 
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12 EUCLID. BOOK VI. 

be a and b. Then, if a = x b, also the triangle ABC 
= x times the triangle D E F. 

For a may be divided in x parts, each one equal b. 
Let each of these points of division be joined with 
the vertical angle, then there will be x triangles, 
each having* a base equal to the base of b, and being 
between the same parallels. 

. • . triangle A B C = x triangles DEF; 
t. c, triangle ABC: triangle D E F : : a : b. 

Prop. 2 is a very important one. 

If a line be drawn parallel to any side of a triangle, 
it will cut the other sides, produced if necessary, in 
the same ratio. 






Let a, b t c, be the sides of the triangle, opposite 
respectively to A, B, and C ; then, if D E be drawn 
parallel to a, it will divide b and c, in the same ratio. 

Let A D be x, and A E be y t then D B = c — x, 
and EC = J-y, and the theorem to be established 
is that — 

b : c : : b — y : c — x\ 
also, c : b : : c — x : b — y, 

and b : c : : y : x. 

If, therefore, a line be drawn parallel to o, bisect- 
ing c it also bisects b ; if it cuts off one-third of c it 
also cuts off one- third of b, &c. 

It will be seen that the line need not be drawn 
within the triangle; in (2) it is drawn below the 
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props. 1—3. 13 

base, and in (3) above the vertex ; in each case the 
sides are produced to meet it, and the theorem still 
holds good. But in (2) x and y are greater, respec- 
tively, than c and b, and the theorem becomes — 

x :y : : c: b; 
also, cc — c : y — b : : c :b, 

and y : x : : b : c. 

In (3), x and y are distinct from c and b, and may 
be of equal, greater, or less magnitude than c and 
b respectively ; then the theorem becomes — 

x : y : : c : b, 
and c + x : b + y : : c : b. 

Pbop. 3 is that, if an angle of any triangle be 
bisected, the bisecting line cuts the opposite side of 
the triangle into two parts, having the same ratio as 
the other two sides. 



^zf 



D C 

Express the sides by a, 6, and c, respectively, 
and — 

Let the angle A be bisected by the line A D. 

Then let C D = x, and B D = a - x, then— 
c : b : : a— x : x. 

Produce BA to E to meet CE drawn parallel 
to A D, then — 

AE= AC = 6. 

For angle ACE = angle AEC. 

Then BA : AE : : BD : DC; 

i.e., c : b : : a — x : x. 

Pbop. A is a peculiar case of the general theorem 
of Prop. 3, in which the angle bisected is an external 

o 

> 
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one, and the base is produced to meet the cutting 
line. 
In this case — 




x is greater than a, 
and the proposition becomes — 

x : a + x : : c : b. 
If x is considered — x when it is on the left of C, 
and + x when to the right of it, the gnneral formula 

c : b : : x : a + x 
will apply to both cases. 

Prop. 4 is a very important one, and is of very 
great use in establishing some of the fundamental 
propositions of Trigonometry. 




if tnere be any number of equiangular triangles, 
the sides about the equal angles are proportionals. 
Let A, B, and C, be the three angles ; and the sides 
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of the different triangles be, respectively, a, b, c; 

a', V, d ; a", o", c", &c. ; then the proposition is, that — 
a : b : : a' : V : : a" : b", &c., 
a : c : : a' : d : : a" : c", &c, 

and b:c::V :d ::b": c". 

This may also be expressed, as — 

JL - JL - £. 

b " V ~~ 6"' 

JL - ^1 - ^1 
c ~ c' " c // ' 

A b V b" 

and T = 7 = 7- 

Pbop. 5 is the converse of this, and establishes, 
that if — 

a a' , a a! 
y = y, and y = _; 

then A = A', B = F, and = C. 

Props. 6 and 7 establish the same theorem of 
equality between the relative parts of two triangles 
upon a still narrower basis. Let -ABO abc % and 
A' B' C a! V d be two triangles ; 

then, if A = A', and — = -j- ; 

c c 

also, B = B / , = C, and — = -£. 
Again, if A = A' and — = -^ or — = -r ; 

c c 

h h' 

then also, B=F,C=C,and — = y ; 

that is, in either case the two triangles are equian- 
gular. The one exception to the* truth of this 
theorem is discussed in Part H, Chapter IV. 
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16 EUCLID. BOOK VI. 

Prop. 8 is a theorem that any right-angled triangle 
is divided into two other right-angled triangles, 
similar to the first, if a line be drawn from the right 
angle perpendicular to the base. 




Let the sides opposite A, B, C, be, respectively, 
a, h, c ; also let B D = x and AD = d. Then — 

Triangle ABC is similar to triangle ABD and 
to ADC, 

and BC:AB: AC::AC: AD:DC, 
::AB:BD:AD; 
i.e., a : c :b : :b : d : a—x : : c : x : d. 

Props. 9 to 13 are Problems, and are not so im- 
portant for our present purpose as the Theorems. 
They are solved by means of the theorem that three 
parallel lines cut all lines crossing them in the same 
ratio. 

Prop. 14 is respecting equal and equiangular 
parallelograms, showing that their sides are in re- 
ciprocal proportion. 



A a B 




C d D 
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Let AB = a, A'F = d, and AC = 6, A'tf = 6' 

Then, a : a' : : 6' : 6; 

ad . a b' 
_ = T , and ^ = T . 

Pbop. 15 proves that what has just been proved 
for equal parallelograms is also true of equal trian- 
gles ; thus, if angle A be contained by sides B and C, 
and angle A' by sides F and C, then — 

a : d : : V : b. 

Peops. 16 and 17 establish the truth, that when 
we have four lines in proportion, as above, then — 

ab = a , V, 
and if a = b; 

then, d : a : : b : V t 

: : a : y, 
and a' b' = a 2 . 

Pbop. 18 is a problem to describe a figure of the 
same shape as another, and to place it in a given 
situation with respect to a given line. 

Pbop. 19 establishes what is the ratio between 
similar triangles. If a, b, c, and a', V, cf, be the two 
similar triangles, and — 

a = m a'; 
then the area of the one triangle is m* times that of 
the other ; thus, — 
if a = 2 a', 

the area of one triangle = 4 times the area of the 
other; 

if a = 5 d, 

then one area = 25 times the other, &c. 

Pbop. 20 extends this theorem to similar polygons. 

Pbop. 22. If there be four lines, a, b, c, d, so that 

o 2 
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a : b : : c : d, and tliere be a triangle, polygon, paral- 
lelogram, or any other rectilineal figure described on 
each of a and b, these figures shall be in the same 
ratio as any two similar figures, whether triangles, 
parallelograms, or polygons, described on c and d. 

Pbop. 23. If there be two equiangular parallelo- 
grams, A and A', contained, respectively, by sides 
a, b, and a', V ; then — 

area A : area A' ::ab: a! V. 

Pbops. 24 and 26. If lines be drawn parallel to the 
sides of any parallelogram, and forming other paral- 
lelograms, all such parallelograms are similar to each 
other and to the first. 

Prop. 25. A problem to describe a rectilineal 
figure, of which the size and shape are both given. 

Pbops. 27, 28, and 29, are not very useful. 

Prop. 30. Problem. Let there be a line a, it is 
required to find a point of division, so that — 

a : a— x : : a— as : x, 

Pbop. 31. If there be described on the sides a, 6, c, 
of any right-angled triangle, three similar figures, 
A, B, C, then the figure on the side C opposite the 
right angle has an area equal to the two areas of the 
figures on the other sides ; t. c, 
C = A + B. 

This is an important extension of the 47th Prop, 
of Book I., in which the figures are squares. 

Pbop. 33 proves that angles in circles are propor- 
tional to the arcs on which they stand ; that is, if 
one arc be m times another, the angle on it is also m 
times the angle on the other. 

Pbops. B, C, and D, are theorems concerning the 
rectangles contained by lines and portions of lines 
forming figures within circles, and every triangle 
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may be considered as inscribed within a circle (for 
since a circle can be drawn through any three given 
points, one can always be drawn through the three 
angular points of a triangle). 

We saw, in Prop. 3, that in triangle ABO, 



^zr 



D C 

if B D = x, then— 

c : b : : x : a — x. 

Pbop. B shows that — 

b c = x (a-x) + d*. (AD = d). 

A 




Triangles AB D and A EC are equiangular; 
.-.BA: AD::EA:AC; 
.-.BA.AC = AD.EA, 

= AD(AD + DE), 
= AD a + AD.DE, 
= BD.DC + AD»; 
.-.BA.AC = BD.DC + AD 2 ; 
i. e. 9 b c = x (a— x) + d 2 . 

Pbop. C. If the line d, instead of bisecting the 
angle A, be drawn perpendicular to a, then— 
b c = d . diameter of circle ; 
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A 




.-.BA:AD::EA:AC; 

i, e. 9 b c = 2 d r. (r = radius). 

Prop. D. If there be a quadrilateral figure in- 
scribed in a circle, the rectangles of the two pairs of 
opposite sides equal the rectangle of the diagonals. 

If a, b, c, d be in order, the four sides of the quad- 
rilateral, and m, w be the diagonals, then 
ac + bd=mn. 

Summing up these three Propositions, B, C, and 
D, we have the following: — 

If there be a line drawn from any angle of a 
triangle to the opposite side, then, 

If the line bisect the angle, 

be = x (a — x) + cP; 

if the line be perpendicular to the side, 

be = d . diameter of circle ; 

if there be two triangles on the same chord of a 
circle, one in either segment, then, 

ac + bd = mn. 

Any of the properties of triangles thus proved 
may be used as means towards the solution of tri- 
angles, as may also any of the theorems of Geometry 
generally. Familiarity with these theorems will 
sometimes suggest a ready means of solving problems 
that appear difficult of solution by the ordinary 
methods. 
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CHAPTER I. 

In the Treatise on Geometry (Vol. L, p. 12), it was 
shown that of the six parts of a triangle (three sides 
and three angles), if any three be given, the remain- 
ing three may generally be found. Thus, if we 
know two sides and an angle of any triangle we may 
be said to know also the other angles and the re- 
maining side, and vice versa. 

Example. — In a right angle the base is 4 inches, 
and the hypothenuse 5 inches. What is the per- 
pendicular ? 




Here A B=5, and B 0=4. Required the length 
of AC. 

By Euclid, I., 47. A B 2 =B CP+A C 2 ; 
.-. AC 2 =AB 2 -BC2=25-16=9; 
.-. AC=3. 

Here, from knowing the length of two sides and 
the size of one angle, we are able to find the third 
side. Also from Euclid, I. 32, we know that the 
two angles A and B are together equal to a right 
angle ; but we are not able, from simple geometry, 
to find the exact size of each angle, though we know 
their sum to be 90°. 
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22 ELEMENTARY PRINCIPLES. 

Example. — A rope reaches from the top of a tree 
30 feet high to the ground at 40 feet distance from 
the tree. How long is the rope ? 




B C 

Let A C represent the tree, A B the rope, then B C 
will be the 40 feet of ground. 
By Euclid, I. 47, we know that— 
AB 2 =AC 2 + B(? 

= 30* + 40 2 = 2500. 
. • . A B = 50, and the rope is 50 feet long. 
Here, as before, we are not able to find the size of 
either angle A or angle B, though we know that 
together they amount to 90° ; *'. e., are equal to a 
right angle. 

Example. — A ladder x feet long makes an angle 
of 45° when leaning against a wall. What angle 
does it make with the ground ? 




B C 

Let A B be the ladder, B the ground, and A G 
the wall. 

By Euclid, I. 32, the three angles, A, B, and C, 
equal together 180° ; and since C=90°, and A=45°, 
. • . B = 180° = (90°+45°) = 45°. 

It follows from this that A and B are equal angles, 
and, therefore, that AC = BC; but though we 
know that they are equal, we cannot as yet discover 
their actual length. 
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These three examples will illustrate both the 
general use and the practical insufficiency of simple 
geometry; will show, that while it enables us to 
establish general theorems respecting space and 
form, and concerning the relative values of lines and 
angles, it is too indefinite, too comprehensive, to do 
us much service in the computation of the values of 
actual lines and angles. 

Therefore it is necessary to found, upon these 
general principles of geometry, some system of 
practical calculation, by means of which we may 
solve problems respecting actual triangles, squares, 
circles, &c, and fina not only the general and relative, 
but also the particular and specific, values of lines 
and angles. 

Such a system is Trigonometry, which may be 
described as a system of practical calculation, 
founded upon the general theorems of Geometry, 
by means of which we can apply these general 
truths to every-day use. 

This system is, however (as its name implies), a 
system applicable only to the calculation of lines 
and angles forming parts of triangles ; but since all 
figures (including even circles) may be considered 
as being made up of a number of triangles, this 
system is applicable much more generally than 
might at first be supposed. 

It must be carefully borne in mind, that there is 
no essential difference between Geometry and Tri- 
gonometry, that no rigid line of distinction can be 
drawn between them ; and it will help us very much 
in the comprehension of the spirit and value of the 
operations of Trigonometry if we try to get a clear 
idea of the relative positions of the three sciences of 
Geometry, Algebra, and Trigonometry. 

Geometry is the science of form, Algebra the 
science of number ; the one talks of circles, triangles, 
squares, &c, without the least consideration of their 
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size or extent, the other of numbers, as one, four, 
twenty, &c., without the least consideration of what 
the things are ; the one science treats only of the 
shape of things, and the general truths connected 
with these forms ; the other only of their numbers, 
and the general truths connected with these num- 
bers. 

Trigonometry is a fusion of Geometry and Algebra, 
a science treating not only of general forms, but 
also of specific numbers; in which we consider a 
triangle not only as a figure of three sides, but as 
having sides so many inches, feet, &c, in length : 
in which we speak not only of one angle being 
greater than the other, but as being so many degrees 
and minutes greater. 

Thus we have, as the groundwork on which to 
build our practical science of Trigonometry, the 
general theorems of Geometry, and these we can 
apply to our particular figures by the aid of the 
methods of calculation established by Algebra. Not 
only this, but we extend our knowledge of the pro- 
perties of triangles by a more particular and minute 
study of this class of figures, and eventually we 
arrive at the power of applying to practical use the 
general theorem, that in every triangle the angles 
and sides are so interdependent that if we know any 
three of the six we may be said to know the others. 

But having done this, we must not imagine that we 
have exhausted Trigonometry : on the contrary, so far 
from it being only sufficient for our practical wants, 
we find it, like all other great truths, extending far 
beyond not only our needs but our understanding. 

To return to our first problem (page 21). 
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We found that, A B being 5, and B C being ^ 
AC was 3; but we were unable to calculate the 
exact value of the angles A and B, though we knew 
their sum to be 90°. 

This difficulty is solved by an application of the 
theorem of Euclid, VI. 4, which becomes one of the 
fundamental theorems of Trigonometry. It might 
at first be thought that there was some connection 
between the size of the angle B and the length of 
the opposite side A G, but a moment's reflection will 
show this to be not the case. For if so, the angles 




B and C ought to be equal, since A D belongs as 
much to one as the other. Also, any number of 
lines A C, A C, &c, might be drawn from A B to 
BD, parallel to AD, both nearer to, and farther 
from, the angle B, and no two of equal length. 
Therefore it is at once evident that there can be no 
constant ratio between any angle of a triangle and 
the opposite side. 




Also there can be no constant ratio between the 
angle and either of the sides containing it, as A B or 
BC, since the angle B is the same whether the 
triangle be A B C, A' B C, or A"' B C"', &c. 

D 



Digitized by CjOOQ LC 



26 CHANGES IN SIDES OF TRIANGLES. 

But though there is no interdependence between 
the magnitude of the angle B and the length of A C 
or of B C, though of any two we may increase or 
decrease one without there being necessarily any 
change in the other, yet we shall find that the three 
magnitudes A C, B C, and the angle B are connected 
together so intimately, and so unalterably, that any 
change in any one of the three is immediately fol- 
lowed by a change in at least one of the others, aud 
by a change in the relation between these others. 
Thus, we cannot alter A C to the length of A' C 
without either making the line B C shorter (as B C) 
or making the angle B smaller. Also, we cannot 
shorten B C without also either shortening A C or 
increasing the angle B. 

Therefore to shorten A without altering B C is 
to decrease the angle at B ; to shorten BC without 
altering A C is to increase the angle at B ; but if 
both A C and B C be lengthened or shortened in the 
same ratio, the angle B remains unaltered. 

Conversely, if we wish to increase the angle B, we 
may either increase A C, or decrease B C; and if we 
wish to decrease the angle B, we may either decrease 
A C or increase B C. 

It is quite possible, however, to have the angle 
smaller, though A and B be both increased ; but 
it will be found in this case that B C is increased 
much more, in proportion to its own length, than 
A C ; also the angle may be larger, and A C and B C 
be both decreased, but BC will be found to be 
decreased more in proportion to its own length 
than AC. 

We may therefore sum up the connection between 
the angle B and the sides A C and B C, thus : — 

If A C remain the same, 
the angle B increases as B C decreases, and 
the angle B decreases as B C increases. 
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If B C remain the same, 
the angle B increases as A C increases, and 
the angle B decreases as A C decreases. 

If the angle B remain the same, 
A C and B C increase or decrease together. 

From this we see that so long as AC and B C are 
in the same ratio to each other, the angle B remains 
the same, and thus we arrive at the notion which is 
at the foundation of trigonometrical calculations, 
that the angles of a triangle depend, not upon the 
absolute length of the sides of the triangle, but upon 
their relative lengths, i.e., upon the ratios existing 
between them. 

Thus, in example 3 (page 22), the ladder makes 
an angle of 45° with the wall and also with the 
ground. 




Therefore angle A = angle B, and A C = B 
(Euclid, I. 6), and from this we may conclude, that 
whenever the line A C is equal to the line B C, the 
angle at B will be 45°. Therefore, whenever the 
perpendicular and the base of a right angled triangle 
are equal, each of the remaining angles is an angle 
of 45° ; and it is evident that if A C be greater than 
B 0, the angle at B will be more than 45°, and if 
A C be less than B C, the angle at B will be less 
than 45°. 

We may sum up the relation between the ratio 
of A C to B C and the angle B, thus : — 

If g-g = 1, then angle at B = 45°. 
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A C 
If g-g 7 1, then angle at B 745°. 

A C 
If g-^Z 1, then angle at BZ 45°. 

But besides the ratio of A C to B C, we find the 
ratio of A C to A B, i. e., of the perpendicular to the 
hypothenuse, to be inseparably connected with the 
magnitude of the angle at B. 

If AC = AB, then BC = 0, and the two angles 
B and C each = 90°, and the triangle becomes a 
straight line. Therefore, in every right angled 
triangle the perpendicular must be less than the 
hypothenuse, i.e. — 

-t-5 always less than 1. 




Let A B C be a triangle equiangular, and therefore 
the three angles A, B, and C, each = 60°. Draw A D 
from A perpendicular to B C, then (Euclid, 1. 10) 
BD = CD, and angle BAD = angle CAD, and 
therefore B A D and C A D each = 30°. 

Now AB^BIP + AD* (Euclid, 1. 47.) 

also AB = 2BD; 

. • . A B : B D : A D : : ^4 : VI : V3 : : 2 : 1 : V3, 

A D 

. • . the ratio of A D to A B is expressed by — - , 

which = -J?-. 
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Therefore, when, in a right angled triangle, the 

ratio of the perpendicular to the hypothennse is -5-, 

then the angle opposite the perpendicnlar is 60°. 

But we may consider B D as the perpendicular, 
and A D as the base, of the triangle BAD, and 
the angle opposite the perpendicular will then be 
BAD = 30°, and 

perpendicular Jl 1 
hypothenuse ~" ^4 ~ 2 ' 
. • . when, in a right angled triangle, the ratio of the 

perpendicular to the hypothenuse = t>> the angle 

opposite the perpendicular is 30°. 

Collecting the results of these examples, we 
have : — 




If angle B=45°, then AC=BC, and |^j = 1. 
IfangleB=60°,then O = T^ 

If angle B =30°, then ^ = ^. 

These three examples will be enough to fix clearly 
in our minds the fact that, in a triangle, it is the 
ratio of the sides to one another, and not the length of 
the sides, that determines the magnitude of the angles. 

d 2 
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EXAMPLES OF SOLUTION. 



Example. — The perpendicular and base of a right 
angled triangle are each 6 feet. Kequired the third 
side and remaining angles. 



A 



B 

AC=BC=6. AlsoAB»=AC»+B(? 

=36 + 36 = 72; 

.-. AB=V72=84 + . 

A C 
Also • . • A 0=B C . * . =rg =1 . • . angle B=46°; 

B C 
and •.BC=AC.*. Jq=1 .'.angle A=45°. 

Example. — The hypothennse of a right angled 
triangle is 8 feet, and the base is 4 feet. Kequired 
the perpendicular, and the remaining angles. 

A 




B C 

|| = g = \ .-. angle A=30°; (page 29.) 

. • . angle B = 180°- (90° + 30°) = 60° ; 
Also A B»=A C»+B C 8 .*. 64=A €52+16 • 

.-. AC* = 64-16=48, 
and AC = </4S =6'9 + . 

In these two easy examples, we see how, from know- 
ing three out of the six parts of a triangle, we can 
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find the remaining three. These examples are very 
simple, but they will serve to give us a clear idea of 
what is meant by the connection between the angles 
and ratios of a triangle. Thus the angle B, in the 
first example, was proved to be 46° ; not because A 
and B were each 6 feet, but because they were 
equal. The angle B would still be 45°, whatever the 
lengths of A C and B C, so long as these lengths were 
equal. So also, in the second example, the angle A 
was proved to be 30° ; not because A B was 8 feet, 
and BC4 feet, but because A B was double of B 0. 
If BO and A B had been 6 and 12, or 3 and 6, or 
5 and 10 feet, the angle A would still be 30°, and 
the angle B 60°. 

It is important to get this idea of ratio as dis- 
tinct from length firmly and clearly into our minds ; 
because, with that idea before us, Trigonometry 
becomes an easy study ; but, without that idea, it 
is an impossible one. 



CHAPTER H. 

Sine, Cosine, and Tangent. 

There being three sides to a triangle, and each of 
these having a determinate ratio to each of the other, 
we have, in all, six ratios. 




Thus in the triangle ABC, we have the three 

a a b b c c 

sides, a, b, and c, and the ratios r, -, -, -, -, and r. 
' ' ' ' b c a c a a, 
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Each of these ratios has in Trigonometry a distinct 
name, and any one of the six, with one side, being 
given, is quite sufficient to determine the three angles 
and sides of a triangle haying one of its angles a 
right angle: and for the present we confine our 
attention to right angled triangles, not because 
Trigonometry is in any sense confined to them, or 
applies in any especial way to them; bnt because, 
at first, the subject can be better understood by 
taking these alone into consideration. 




. perpendicular AC b . __ _ , 

The ratio , ., = t-^5 = - * called the 

hypothenuse AB c 

sine of angle B. 

By considering A C as the base, we have— 

B perpendicular a _ _ m 

-r^s = r \,i = - = sine of angle A. 

AB hypothenuse c 

The hypothenuse A B remaining the same, whether 
the angle B be increased or diminished, the perpen- 
dicular A Ovaries with B. When B is very small A C 
is very small, and the two increase together, until, 

. ~ . ~ n perpendicular 
when B is 90°, A C=A B, and \ ypotlwnme = sine 

ofB = l. 

perpendicular . 
Therefore the ratio - hypothenu(e increases from 
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to 1, and this is expressed, in Trigonometry, by 
saying — 

tin B varies from to 1. 

A 



B a C 



If B= 0°,then^? = 0. 

If B =80°, then ^ = \. (page 27.) 



If 



„ ieoiL AC 1 
B=^,then r g = 7 2. 

If B =60°, then j-g = ^. 

If B = 90°,then^~ = l. 

If, therefore, the ratio of ~ , ., be between 

hypothenu&e 

and i, the angle B is less than 30° ; if between 

3 "^ 172' the aDgle " ^ )e * ween ^° ^^ *5>°> ** 

1 /8 

between -^ and ^-, the angle is between 45° and 

JS 
60° ; if between t and 1, the angle is between 60° 

and 90°. 
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We shall see hereafter that, by means of tables 
constructed for the purpose, we can find the exact 
angle corresponding to any given sine, and vice 
versd. 



The Cosine, 
A 

D a c 

We saw that the perpendicular A C varied with 
the angle B, so long as the hypothenuse A B re- 
mained the same ; but also, the base B C will be 
found to vary inversely with the angle B ; i. e., to 
increase as B decreases, and to decrease as B increases. 
Thus, when B is very small B C very nearly equals 
A B, and the larger the angle B becomes, the smaller 
is B C, until, when B = 90°, B =0. 

Therefore, since B C decreases as angle B increases, 

B G 
and A B remains the same, the ratio -j-r= will also 

B C 
decrease as B increases, but this ratio, -r-~, is called 

the cosine of angle B ; and thus in Trigonometry — 
Cos. B varies inversely with B. 

If B= 0°,then?^ = l. 



If B =30°, then |^ = ^. 

If B^then^-^. 
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If 



It 



B= 60°, then 
B= 90°, then 



BC 
AB : 
BC 
AB 



1 
2' 



From this we see that if we have given us the 
BC 
value of -p5 we are able at once to form an ap- 
proximate idea as to the magnitude of the angle B ; 
and by the use of the tables already spoken of, we 
can find exactly the angle corresponding to any 

given value of -r-=~, and vice versa. 

By comparing the different values of the sine and 
cosine, as the angle increases from 0° and 90°, we 
shall get a better idea of their interdependence. 



Magnitude 
of Angle. 


Value of Sine. 


Value of Cosine. 


0° 


AB U 


*° = 1 

AB L 


30° 


AC 1 
AB" 2 


BC ^3 
AB"" 2 




AC 1 


BC 1 


45° 


AB" ^2 


AB" A /2 


60° 


AC V3 

AB" 2 


BC 1 

AB" 2 


90° 


^= 1 

AB L 


AB U 
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As the sine increases, the cosine decreases, and 
vice versa. The greatest value of each is 1, and the 
loast value is 0. If the sine and cosine be squared, 
the sum of the squares always = 1. 

This last property may be better understood by a 
reference to the 47th Prop, of Euclid, Book L 



A 



In a right angled triangle, the square of the 
hypothenuse A B equals the sum of the squares of 
A C and B C. This is equally true whether A C be 
equal to B C, or one be greater than the other. But 
if the hypothenuse continue the same, the perpen- 
dicular cannot be increased without the base being 
diminished, nor be decreased without the base be- 
coming greater. "Whatever be the ratio of the base 
to the perpendicular, the sum of their squares still 
remains the same, equal to the square of the hypo- 
thenuse. 

Just so, regarding tho perpendicular as represent- 
ing the sine, and the baso as representing the cosine, 
the squares of sine and cosine are, together, always 
the same, whatever be the ratio between them ; since 
whatever alteration takes place in one, it is com- 
pensated for by a corresponding increase or decrease 
in the other. 

Thus A C 8 + B C 2 = A B 2 (Euclid, L 47.) 

AC 2 BC*AC 2 + BC* AB 2 
••AB' + AB 1 " " AB 2 "AB 2 " 1 ' 

. * . sine 2 + cosine* =1. 
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This gives us an easy method of finding the sine 
of an angle from the cosine, or the cosine from the 
sine; for— 

sine = /y/ 1 — cosine 2 , 
and also— 

cosine = /k/ 1 — sine*. 

The Tangent. 

perpendicular 
Bnt besides the two ratios, hypothenuse and 

base , , A , x. perpendicular 
, we have also the ratio * 



hypothenuse 9 base 




Thus ^-^ is the tangent of B, and ^-g is the 
tangent dt A. 

When the angle B is 45°, then A C --= B 0, and 

A C 

^-p = 1 ; as the angle B increases (A B remaining 

the same), A C becomes greater and B C less ; as 
the angle B decreases, A G becomes less and B G 
greater. 

v 

y 
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AC 

. * . when B greater than 45° g-~ greater than 1. 





when B = 


45° 


AC 
BC 


= 1. 




when B less than 45° 


AC 
BC 


less than 1. 


If 


B 


= 0°,then 


AC 
BO " 


0. 


If 


B 


= 30°, then 


AC 
BO ~ 


1 

V3' 


If 


B 


= 45°, then 


AC 
BC " 


1. 


If 


B 


= 60°, then 


AC 

BC " 


V3. 


If 


B 


= 90°, then 


AC 

BC "" 


00. 



This last is the symbol used to express infinity, 
or a magnitude without limit- When B = 0, the 

perpendicular also =0, and the ratio g-~ = g~ =0. 

But when the angle B is 90°, the perpendicular 
equal the hypothenuse, and the base becomes 0. 

AC AC 
Then g-g = -g-, *. c, the ratio is that of a line to 

nothing, and this ratio is infinite. This will be 
better understood by comparing with it what is said 
of the tangent on page 47. 
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Magnitude 
of Angle. 


Value of 
Sine. 


Value of 
Cosine. 


Value of 
Tangent 


0° 





1 





30° 


1 
2 


V3 
2 


1 

V3 


45° 


1 


1 


1 


60° 


2 


1 

2 , 


V3 


90° 


1 





00 



If these ratios be carefully examined, it will be 
noticed that, in every case, the value of the tangent 
is equal to the quotient of the sine divided by the 

sine 
cosine, i. e., that tangent = — : — . 
' ' ^ cosine 

This may be proved generally, for — 

A 



fi a c 



sine = -, cosine = -, and tangent = - ; 
c c a 

sine b a b c b 
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EXAMPLES. 



Therefore, of the three ratios, sine, cosine, and 
tangent, from any two we can find the third, just as 
we saw (page 37) that we could find the sine from 
the cosine, or the cosine from the sine. Thus — 






1 + cosing = 



x cosine, 



1 + sine 2 =• 



tangent' 



tangent =- 



Examples. 
In the right-angled triangle, ABO. 
A 




b a 



(1.) 6-7 and c = 14. 

(2.) 6 = 4 and a = 4. 

(3.) a =-• 3 and c = 6. 

(4.) b = 1-74 and a = 3. 

(5.) a =-- 3*48 and c = 4. 



Required a, A and B. 

„ c, A and B. 

„ b, A and B. 

„ c, A and B. 

„ b, A and B. 

(6.) a = 3*48 and c = 400. „ 6, A and B. 

(7.) A ladder 141 feet long made an angle of 45° 

with the side of a house. Required the remaining 

angle and sides of the triangle so formed. 

(8.) A string 20 feet long, tied to the top of a 
tree, reached the ground at 10 feet from the root. 
Required the remaining side and angles of the tri- 
angle formed by the tree, string, and ground. 
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(9.) A boat crossing a stream 100 yards wide, 
made an angle of 80° with the direct route. Re- 
quired the triangle formed by the lines of route and 
the opposite bank. 



CHAPTER HI. 

The Relations between the Ratios. 

The sine of 30° is -. 
A 

a/3 

The cosine of 30° is ^-. 

The cosine of 60° is s . 

The sine of 80° is ^-. 

.•. sine of 30° = cosine of 60°; 
also cosine of 30° = sine of 60°. 

Likewise sine of 45° = —j^ - cosine of 45°. 

But 30° + 60° = 90°, also 45° + 46° = 90°. 

From these we may infer that, generally, the sine 
of any angle = cosine of the complement of the 
angle ; i. e. t that the sine of one cusute angle of a right- 
angled triangle = the cosine of the other, and vice 
versa. 

That this is true may be proved thus — 



A 



e2 
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The sine of B is -— -, and the cosine is — — . 
AB AB 

AC B C 

The cosine of A is -r-=, and the sine is -r-— . 

AB A B 

. • . sine of A = cosine (90°— A) ; 

and cosine of A = sine (90°— A). 

Just as the sine of A is called the cosine of B, and 
the sine of B is called the cosine of A, so the tangent 
of A is called the cotangent of B, and the tangent of 
B is called the cotangent of A. 

. . sine cosine 

Also, just as tangent = — r- , so cotangent = — : — . 
,J ^ cosine* ^ sine 

We saw that the sine and cosine were connected 
by the equation sim? + cosine* = 1, and that one 
could always be found from the other by means of 
this equation. 

So the tangent and cotangent are connected by 

the equation tangent = — r, or tangent x co- 
tangent = 1 ; from which also cotangent = • . 

But besides the four ratios already mentioned, 

name ^ TH' Tra* Wc' an ^ XT" we ^ s&ve *^ e ' wo 
A B A B hypothenuse hypothenuse 

AC BC perpendicular hose 

The ratio ^-~ is called the secant of B, while -r-p 

is the secant of A. Speaking generally, the ratio 

hypothenuse . 

7- is the secant of the base acute angle of 

a right-angled triangle. 
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Just as in the case of the sine and cosine, the 
secant of B is the cosecant of A, and the secant of A 
is the cosecant of B. 

A 




B ~C 

The six ratios may be grouped together thus : 



I 






sine = — = cosine 
c 

a 
cosine = - = sine 
c 

tangent = -t= cotangent 
a 

cotangent = r = tangent 
b 

secant = - = cosine 
a 

cosecant = - = sine 
o 



I 



'So 



It will be seen also, that — 
sine = 



tangent = 
secant = 



cosecant* 

1 
cotangent* 

cosine' 



cosine = 



cotangent = 



secant ' 
1 . 

tangent ' 
1 



cosecant = — — 



We have seen that the stwe may be expressed in 
the terms of the cosine, that the tangent may be 

written as _????£_ and that the secant may be written 
cosme 

-JL-. 

cosine" 
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EXAMPLES. 



Wo can now consider this more fully, and a little 
consideration will enable us to express any one ratio 
in the terms of any other. 

It will be more convenient, however, in these 
formula) to use the ordinary contracted forms of the 
names, which are- 



cos for cosine. 
cotan for cotangent. 
cosec for cosecant. 



sin for sine. 
tan for tangent 
sec for secant. 

From the fundamental formula- 
sin 2 + C08 2 = 1, 
we may obtain a complete set of formula), thus— (see 
page 45). 

Each vertical column gives the respective values 
of the six ratios, expressed in the terms of one, while 
each horizontal column gives the various expres- 
sions for the value of one ratio. This table gives 
the value of each of the six ratios in terms of each of 
the others. This is of very great practical utility in 
proving propositions, and in calculations respecting 
the sides and angles of triangles. 

Examples. 



Find the values of the 
reniaining ratios. 



These negative ratios are given to accustom the 



Q-) 


Sine 


= i 


(2.) 


Cosine 


:i 


(3.) 


Tangent 


W 


Sine 


= A 


(5.) 


Cosecant 


= z 


(6.) 


Cotangent 


:i 


(70 


I Secant 


(8. 


Sine 


= — A 

9 


(9.1 


Cosine 


= — JL 

4, 


(io. 


Tangent 


::» 


(11.) 


Secant 


(12.) 


Cosecant 


= -6 
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I 
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1 
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LINBAB SINE, COSINE, BTO 



mind to them, and to give facility in calculating 
them, as well as the positive values. The utility of 
this will be shown hereafter. Meantime there need 
be no difficulty in working them. 



CHAPTER IV. 




Let two straight lines A M and A N make any angle, 
as MAN. 

Take any point, B, in A M, and draw B perpen- 
dicular to AN. 

From A as centre, with radius A B describe a 
circle, of which D 7 B D will be a quadrant, D 7 A 
being drawn perpendicular to A N. 

Through D draw D E, a tangent to the circle. 

If necessary, produce A M to cut D E, and draw 
B C and F E parallel to AN. 



Then— 

B C is the sine 
D E is the tangent 
A E is the secant 



of angle < 



Here we speak of the sine, tangent, and secant, not 
as ratios, but as lines. 
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It will be seen that the sine B increases from 
to the length of the radius of the circle, as the angle 
A increases from 0° to 90° : that the tangent increases 
from to oo : and that the secant increases from 
length of radius to oo . 

These facts are precisely the same as have been 
already proved for the ratios (page 39), though 
apparently somewhat different 

But the lengths of the lines BC, DE, and AE, 
depend entirely upon the distance of B from A. 
If we take B nearer to A we shall make the sine, 
tangent, and secant, less in length ; and if we take it 
farther from A we make them longer. Therefore, 
we can have a sine, tangent, or secant, of any length 
we please, whatever be the angle A. 

But if we consider, not the absolute length of 
these lines, but their ratio to the radius of the circle, 
we shall find this ratio to be the same whatever be 
the distance of B from A 

We shall also find the values of these ratios 
to be identical with those already given (page 
39). 

Thus, reckoning the radius as 1 (whether it be 
1 inch, 1 foot, 1 yard, &c.\ we shall have, as the 
angle increases from (f to 90? ; 

B C = sine of A, increases from to 1, 
D E = tangent, increases from to oo , 
AE = secant, increases from 1 to oo ; 

which values are identical with those on page 39. 

But the utility of these sines, tangents, and 
secants, is dependent upon a knowledge of the 
length of the radius A B; i. e., it is no use to 
know the length of B 0, D E, or A E, unless we 
also know what distance B is from the angular 
point A. 
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But— 
B C : A B : : sine* : radius = sine f of A ; 
D E : A D : : tangent? : radius : : B C : A C = tangent.] 
and — 
AE : AD : : secant* : radius : : AB : AC = secant.] 

BC BO 
From this we get the three ratios j-^, j-~, and 



AB 
AC 



i, which we use, in modern Trigonometry, instead 

of the lines D E, B C, and A E divided respectively 
by the radius; and which have tho advantage of 
being quite independent of the length of A B. 




If we take the angle (90° — a), marked 0, we may 
consider A D 7 the base, and then B C becomes the 
sine, D' E* the tangent, and A E' the secant of this 
angle. This angle, /3, is the complement, or co- 
angle, of a, and the sine, tangent, and secant of it 
become, respectively, the cosine, cotangent, and cose- 
cant of a. 

Also the sine, tangent, and secant of angle a are 
respectively the cosine, cotangent, and cosecant of 
angle /3. 

But, as we have seen, we must have either the 
length of the radius A B, or the ratio of the sine, 
tangent, or secant to the radius. 

* Meaning the lines so called, 
f Meaning the ratios so called. 
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Then BC : AB :: AC : AB; ForAC=BC. 

BC' 
i. e. t sine of /3 = —— = cosine of a. 

£L Jo 

Also iyE' :AF::BC:ACT; 

B C 

i. c, tangent of /3 = ----- = cotangent of a. 
Au 

Also AE'iAF:: AB:AC 

A B 

t . c, 8ecaw£ of /3 = — - = cosecant of a. 
AC 

These facts may be summed up thus : — 

B C = sine J Equal, respectively, to 

D E = tangent > of angle o. cosine, cotangent, and co- 
A E = aecawf j secant of angle /3. 

BCf= sine ] Equal, respectively, to 

iyE' = tar,gent\ of angle /3. cos we, cotangent, and co- 
AE'= 8ecanf J secaw^ of angle a. 

Since the fen^M of these lines depends entirely 
upon the distance of B from A, we cannot, from 
merely knowing this length, find anything concern- 
ing the magnitude of the angles a or /3 ; but if we 
know also the length of the radius, we have suffi- 
cient data to enable us to find the magnitude of both 
angles. 



Then we have — 




BO 

— — - = sine 
radius 




DE 
— - — = tangent 
radius 


1 of angle a. 


AE 

— - — = secant 
radius j 






F 
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RATIOS AND CO-BATIOS. 



Also — 



BC 

radius 
IKE' 

radius 
AE' 

radius 



secant 



of angle p. 




From these, remembering that AD = AB=Aiy 
all being radii of the circle), and that the triangles 
k B 0, A D E, A B C, and A U E, are all equiangular, 
and therefore their sides proportional (Euclid, YL), 
we get the convenient formula : — 



t 



Sine 



a = 



Cosine a = 



Secant a = 



Cosecant a = -, ~ = 



Tangent a = 



BO 
AB 
AO 
AB 
AB 
AC 
AB 
BC 

BC 
AC 



secant a 



= 


cosine p = 


1 

secant P' 




sine fi = 


1 




cosec p ' 


= 


cosec p = 


1 

sine p ' 




secant p = 


1 




cosine j3* 






1 



cotan a 



tan p 
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EXAMPLES. 

Cotangent a = ^ = —^ 



51 



Chord a = 



AC 
BO 
BD 

AD* 



= tan fi = 



cotan j3* 



CD 



Fersed w'ne a = -p=r = 1 — eowne « = 1 — sw /5. 

These two last ratios, the chord and versed sine, are 
less used than the others, but are occasionally very 
useful. 



Examples, 




(1.) AB = 4, AE = 5, BC = 1. 

Find AC, AD, andDE. 

(2.) A B = 5, C D = 1. 

Find AC, B E, BC, and D E. 

(3.) A C = D C. 

AB BO 

Find the value of j-g, and of p|j. 

(4.) Find the magnitude of angle j3 when B C = 
D E. 

(5.) Find the magnitudes of a and fi when D* E' 
= DE. 

(6.) Find the magnitude of angle ABC when 
AE' = 2AD 7 . 

(7.)AB=BD. Prove fi = 30°. 

(8.)AB = 5. FmdAC,AE,andDE,if/8 = 30°. 
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CHAPTER V. 
Of the Ratios of Angles greater than 90°. 



M\£ 


D 






DlC 


A ) N 



These is no reason why the angles a and /3 may not 
be greater than 90°, i.e., be obtuse angles. If so, will 
the definitions we have found true for acute angles 
remain true? or, shall we have to extend our defini- 
tions as we extend the angles? We shall find that 
our definitions remain true; but we shall find it 
necessary to have a more comprehensive view of both 
angles and ratios. 

If we draw an obtuse angle, MAN, and proceed to 
draw sine, tangent, and secant, our first difficulty 
will be, that we cannot draw B C perpendicular to 
A N. Therefore, we must extend our idea of a per- 
pendicular to a given line to include the case where 
it is necessary to make the given lioe longer. If we 
produce the line N A beyond A, we can then draw 
B C perpendicular to it, and this will be the sine of the 
angle o. The perpendicular, D E, will be the tangent, 
and the line, A E, the secant. These lines will be 

BC 
represented, as before, by the ratios .5-7- = sine, 

BC AB 

j^-jr = tangent, and r-j; = secant. 

There are now two points to consider : 

1st. That the sine, tangent, and secant of an angle 
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increase with the angle as it increases from to 90° ; 
bat that, as the angle increases from 90° to 180°, the 
sine, tangent, and secant decrease in magnitude. 

2nd. That the sine, tangent, and secant of an 
angle greater than 90°, are precisely the same as 
those of the supplement of that angle, i.e., the sine, 
tangent, and secant of a = those of j3, which is 
(180°— a). By a is meant the angle MAN. 

As to the first point : 

We see that the sine increases from to 1, as the 
angle increases from to 90°, and then decreases 
from 1 to again. 

The tangent increases from to oo, and then de- 
creases from oc to again. 

The secant increases from 1 to oo, and then de- 
creases from oo to 1 again. 

Therefore, the sine, tangent, and secant of 0° are 
the same as those of 180°; and this is to be expected, 
since an angle of 0° and one of 180°, are equal in 
one respect, i.e., they are both represented by a 
straight line. 

In the same way, and for the same reason, the 
cosine decreases from 1 to 0, and then increases from 
to 1 ; the cotangent decreases from oo to 0, and 
then increases from to oo; and the cosecant de- 
creases from oo to 1, and then increases from 1 to oo. 

A C 

These are represented by the ratios t^ = cosine, 

AC a AB 

:~p = cotangent, and pTp = cosecant. 

As to the second point, the equality of the ratios 
belonging to two different angles : 

Since the ratios of a and of (180°— a) are precisely 
of the same magnitude, it may be asked, now can 
we tell which is meant? The answer requires a 
knowledge of the use of the minus sign in Algebraic 
Geometry, which, if not already possessed, may be 

f 2 
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64 RATIOS OF ANGLES BETWEEN 90° AND 180°. 

obtained from a perusal of the chapters on that sub- 
ject in the treatise on Euclid, vol. IL page 173. 

The distance A C, when measured to the right of 
A, is positive ; but when measured to the left of A 
is called negative and is expressed by — A C. 

In the first quadrant (i.e., when the angle is less 
than 90°), all the lines and ratios are positive ; but 
in the second quadrant (when the angle is between 
90° and 180°), the line AC is - AC, and this affects 
every ratio into which that quantity enters, i.e., all 
but the sine and cosecant 

Thus, in the second quadrant, — 



BC BO 
s,ne = Jb=+Jb 


cosine = 


-AC AC 

AB" AB 


BC BO 
tangent -_ AC -- AQ 


cotang = 


-AC AC 
BC"" BC 


AB AB 

ucant -_ A0 -- A0 


cosec = 


AB AB 
BC BC 



We have now somewhat extended our notions of 
the ratios of Trigonometry; but we must extend 
still further, not only our ideas of the magnitudes 
and signs of the ratios, but of the magnitudes of the 
angles themselves. Thus, we have already spoken 
of angles of 0° and of 180°, both represented by 
straight lines, and neither of which is, in the ordinary 
sense of the word, an angle at all. 

We must now consider angles greater than 180°, 
i.e , greater than two right angles. 



« 



Thus we speak of angle B A C, as being an obtuse 
angle— greater than 90°, but less than 180°; but we 
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must now consider the second angle formed by the 
same lines, i.e., the angle 0, also written B A 0, but 
greater than 180°. 




Our definitions will still hold good. Taking any 
point B, in AM, and describing the circle with 
radius A B round A as a centre, we have, as before: 

B 

B = sine expressed by the ratio t-^ 



D E = tangent 

A E = secant 
also — 



AB 
BO 
AO 
AB 
AO ; 



AO 

B O = cosine expressed by the ratio j—j. 

AO 

tfE = cotang „ „ „ ^ 



A E = cosecant 



AB 

BC 



Our aDgle now extends over the first, second, and 
part of the third quadrants, i.e., the line A M is in 
the third quadrant, counting from A N. The magni- 
tude of all the ratios are precisely the same as if the 
angle were 180° less than it is, i.e., the ratios of the 
angle MAN are the same in magnitude as the ratios 
of the angle DAM. Therefore, we may extend our 
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theorem of page 53, by saying that all ratios of angle 
a= ratios of 180°+ a = all ratios of 180°- a, which 
may be written, ratios of a = ratios of 180° ± a. 

But, though the magnitudes are the same, there 
will be found some difference in the signs, just as we 
found some difference between the signs of ratios in 
the first and second quadrant respectively. 

In the second quadrant, AC was found to be 
— AC, because measured to the left of A. In like 
manner B C, which is positive when measured up- 
wards from the line on which A stands, is negative 
when below that line. 



Therefore : 



AJ u -BO BC 

= B C represented by — v-g = — j-j? 



tangent = D E „ 

secant = A E „ „ 

also, — 
cosine = B C represented by 

cotang =jyj8 „ „ 

cosecant = A E' „ „ 



-BC BC 



-AC" 


To 


AB 


AB 


-AC" 


AC 


-AC 


AC 


AB" 


"AB 


-AC 


AC 


-BC" 


+ BC 


AB 


AB 



-BC" BC 



Therefore, in the third quadrant, all the ratios 
are — , except the tangent and cotangent. 

Notice that, in the third quadrant, every ratio has 
at least one minus sign, but that the tangent and co- 
tangent have each two, and this gives a positive 
value to the ratios. 
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Finally, our angle may be greater than 270 9 but 
less than 360°, i.e., the line A M may be in the fourth 
quadrant 

The definitions will still hold good, but the magni- 




tudes will 
than they 



be the same as if the angles were 270° less 
are, and the signs will be still different: 



sine = B represented by 
tangent = D E „ „ 



secant 
also, — 
cosine 

cotang 

cosecant 



= AE 



-BO 


BO 


AB~ 


AB 


-BO 


BO 


AC" 


"AC 


AB 


AB 


AC" 


+ AO 



AO 



AO 



= BC represented by -ps = + Tt> 



= WEf 



= AF 



_AO_ AO 

-BO" "BO 

AB AB 

-BC" BC* 



Therefore, in the fourth quadrant, the ratios are 
all — , except the secant and cosine. 

The radius A B is altoays considered positive. 
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58 SUMMARY OF CHANGES OF SIGN. 

These changes of signs may be summarized thus : 



— 


i 


"to 

a 


1 




1 
I s 
1 


t 

i 


1st quadrant, angle) 
between 0°& 90° J j + 


+ 


+ 


+ 


+ 


+ 


2nd „ „ 90° & 180° + 


+ 


- 


- 


- 


- 


3rd „ „ 180° & 270° 


- 


- 


- 


- 


+ 


+ 


4th „ „270°&360°| 


- 


+ 


+ 




- 



The limits of changes in magnitude are shown 
thus: 





0° 


90° 


180° 


270° 


360° 


Sine 


| 1 





-1 





Tangent . . . 


00 





00 





Secant .... 


1 t 00 


-1 


00 


1 


Cosine . . . 


1 i 


-1 





1 


Cotangent . . 


00 


00 





00 


Cosecant . . . 


00 1 


00 


-1 


00 



From these two tables we gather that the sign of 
a ratio alters when, and only when, its magnitude 
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passes through oo or 0. Also, that the magnitudes 

of the ratios have fixed limits. 
Thus: 

sine . . . ) always between 1 and — 1, 
cosine . . J t. e., never greater than 1, 
secant . . ) always between 1 and oo , 
cosecant. . j i. e., never less than 1, 

We saw that the ratios of 0° and those of 180° were 
equal in magnitude ; so also are those of 0° and 360°. 
In fact, these may be considered identical, since the 
lines A M and A N coincide. 

We might now extend our notions of an angle still 
further, and consider angles of greater magnitude 
than 360° ; but the ratios of any such angle are iden- 
tical, both in sign and magnitude, with those of 360° 
less, i.e., ratios of any angle 360°+ a = ratios of a in 
both magnitude and sign. Therefore, we need not 
discuss these larger angles here, though it is impor- 
tant to remember that, in Trigonometry, there is no 
limit to the magnitude of angles. 

Examples. 
A 



A 



B a c 

(1.) Ifa=3,&=-4. Find the values of A and B. 

(2.)Ifa = -3,6 = -4. „ 

1 a/3 

(3.) The sine of an angle is g» the cosine — -5- • 

Find magnitude of angle and values of re- 
maining ratios. 
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(4.) Secant = 2, tangent = - */3. 

Find the other ratios and the magnitude of 
the angle. 

(5.) The cotangent = — 2 cosine. 

Find the other ratios and the angle. 

(6.) The sine = ^p! 

Find the other ratios and the angle. 



CHAPTER VI. 

Solution of Triangles. 

We have already (page 30) seen how it is possible 
to find the remaining parts of a triangle when three 
of the six parts are given. We can now discuss 
more fully this subject, to which the name of ' Solu- 
tion of Triangles' is generally given. 

We may use, in the course of our solutions, any of 
the facts or formula we have already proved, and 
there are some others, of very considerable use, which 
we will now consider. 

Theorem. — Any two sides of any triangle are in the 
same ratio to each other as the sines of the angles 
respectively opposed to them, i.e. : — 

A, B, C, express the respec- 
tive angles, and a, b, c, the 
sides respectively opposite 
to them ; d is .the perpen- 
dicular from A on the base. 
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sin A 


sin B : 


: a 


:b) 


sin A 


sin C : 


: a 


:c\{ 


sin B 


: sin C : 


: b 


c 





SOLUTION 


OF TRIANGLES. 


For 


d • A 

- = sin A 
c 


, d = c sin A, 


also, 


*=sinC .-. 


, d = a sin 0, 
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. • . c sin A = asinO, 

sin A a 

""" sinQ = c' 

It should be borne in mind that this is not the 
A a 
same as 77 = - 

\j c 

sin A a , sm B & 



2%corem. — Cos c = — 5 — 7 — , 

Jalso, co*a = 3^—, and cos b = 2ag j. 

For c f = o* + 6a-2a.OD (End., H. 13), 

(bat -£- = cos .*. CD = 6. cos CJ 

. • . c 8 = a 3 + &* - 2 a . b . cos 0, 
.•.2aocosO = a« + o 3 -c*, 

and cos O = — ~ — r — • 

We are now in a position to solve some simple 
cases of triangles. 

Example.— b = 12 feet, = 6 feet, and B = 90\ 
Bequired the values of A, C, and c. 
b : a : : sin 90° : sin A; 
. • .6 sin A = a .sin 90° (sin 90° — 1), 

G 
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' a 6_ I 

A = 30°. •.•8m30° = 2" 

Also, = 180° -(A + B) = 180P - 120° = 60°; 
and a: c:: sin A: sin C, 

.-...$— i (*■ '-^ 

.'.c = a. -g— r- 2 

= 6. a/S = 6x1-73+ = 10-38+, 
•. a = 6, b = 12, and c = 10'38 + ; 
also, A=30^B = 9ff>,andC = 6O 5 ; 

and the triangle is completely known. 

Example.- A = 60°, B = 30°, e = 10 yards. 
Bequired the values of C, a, and b. 

C = 180P - ( A + B) = 180° - 9<P = W. 
Also, a:c:: sin A : sin 0, 

c .sin A 

•'• a = -~5^o"' 

10 x V3 
~ 2x1 ' 
= 5^3. 
And b:c::sinB:sinO, 

c .sin B 
''• b= sinC 
__ 10x1 

- "2 x r 

= 5. 
Therefore = 90°, a = 5^3, b = 5. 
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Example.— A = 90°, B = 30°, and a = 4 feet. 
Required the values of C, b, and c. 
0=180° -(90° + 30°) = 60°; 

also a : b : : 1 : g, 

.-.6 = 4X2=2; 
and a : c : : 1 : -~- , 

.-.0 = 4x^ = 2^3 = 3-46+, 

. • . A = 90°, B = 30°, and C = 60° ; 
also a = 4 feet, 6 = 2 feet, and c = 3*46 feet. 

Example.— a = 5 feet, 6 = 5 feet, and = 90°, 
a : b : : sin A : sin B ; 
but a = 6 . • . A = B, and each = 45° ; 

' - c:a::1: 72 ; 

5 
.-. c = -j- =5^2 = 7-05+. 

V2 
Therefore A = 45°, B = 45°, and = 90°; 
also a = 5 feet, 6 = 6 feet, and c = 7 *06 feei 

These four examples are simple, but at the same 
time general; i.e., tney show the general method of 
procedure, with the exception of the last one, which 
is special, inasmuch as two of the angles are equal. 
The general treatment of the problem of solving a 
triangle of which two sides and the included angle 
are given, will be found at page 105. It requires 
more special knowledge than we have yet attained. 
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RATIOS OF COMPOUND ANGLES. 

Examples. 




Bight-angled triangles. 
(1.) c = 4, b = & Find a, A, and B. 
(2.) a= 17-4, c = 20. Find I, A, and B. 
(3.) b = % e =. V& Find a, A, and B. 



CHAPTEB VIL 

Batjos of Compound Angles. 

It is sometimes necessary to express the sine, tan- 
gent, &c, of an angle, in the terms of the sines, tan- 
gents, &c, of other angles. Thus the angle of 46° 
may be considered not only as 46°, but as (30° + 15°), 
(25°+20°),&c., and also as (60°-15°), (90°-45°), 
&c. 

Suppose we want to express the sine of 60° in 
terms of 30° and 90° (for 60° = 90° - 30°) we shall 
find that it is possible to do so, and that the formula 
will be— 

sin 90°. cos 30°- cos 90°. sin 30°; 

t. e. f the product of cos 90° and sin 30° subtracted 
from the product of sin 90° and cos 30P will leave 
sin 60°. 
Substituting the values, we have- 
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60° = lx^--0x2» 



2 "' 

a/3 
= ^-, which is the value of sin 60°. 

To take another instance : — 

90° = 150° -60°. 

If we wish to express sin 90° in terms of sin and 
cos of 150° and 60°, we have as before— 

sin 90? = sin 150° . cos 60? - cos 150° . stw 60?, 



(1 l\ ( a/3 */3\ 
= \2-2/""V" 2 ' 2 /' 



1 3 

= 4 + 4, 

= 1, which is the sine of 90°. 
Also 60° = 150° - 90?, and 
sin 60° = sin 150°. cos 90° - sin9(f.cos 150>, 

-6-o)-&-#. 

a/3 
= -5-, which is the si/tc of 60°. 

But, also 90° = 60° + 30°, 150° = 90° + 60°, &c. ; 
i.e., we may require to express one angle as the sum 
of two others. Then we shall find the formula— 
sin 150° = sin 90°. cos 60° + sin 60°. cos 90°, 
i.e., we take the sum of the products instead of their 
difference. 
For example : — 

o2 
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RATIOS OF COMPOUND ANGLES. 



sin 150? =«m90 .ccw60 + OT7^60 .cos9a , 

= g* which is the sine of 150°. 

Also— 

sin 90? = sin 60° . cos 80° + «m» 3(P . a* 60°, 
_ V? ^3 1 1 
" 2 * 2 + 2'2' 
3 1 

= 1, which is the sine of 90?. 




b'bd 



Let AOB be any angle, and A OA any other 
angle; then the whole angle AOBis theswmof the 
other two. 



Now, 



Also, 



Lastly, 



A B = sin 
OB = cos 
DE = tan 
OE = sec 
A'F = sin 
OF = cos 
AG = tan 
O G = sec 
A' B' = sin 
OF = cos 
DE' = tow 
O F/ = sec 



of angle a. 



of angle /$. 



of angle a + 0. 
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Then our theorem is that— 

A'B' = AB.OF + A'F.OB; 

also that — 

AB = A'F.OF-A'F.OB; 

and that — 

A'F = A'F.OB-AB.OF. 

But the proof of this is by analytical geometry, and 
though quite complete, is somewhat difficult to 
follow with our present knowledge. Still it was the 
only proof available until the use of the ratios to 
represent the lines afforded the means of a much 
neater one, which, though not more complete, is 
much more easily understood. 

Now let, as before, A B be any angle, and A' A 
be any other angle. Then A' B will be the whole 
angle which is the sum of the other two. 

Then— 




M N drawn perpendicular to A is the sine of angle 
ft NQ drawn from N perpendicular to OB is the 
sine of angle a, and M P drawn from M perpendi- 
cular to B is the sine of angle (a + /$). Ana these 
are represented by — 

qjj = stn a, ^ = sin ft an d ^ = (stna + 0).* 

* Notice that the tines of a and B can be made to meet at N, and 
those of B and (a+ fl) meet at M. This is a great convenience, and is 
gained by the substitution of the ratios for the lines. Compare the 
clearness and neatness of the figure now given with the complication 
and obscurity «f the previous figure. 
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OQ 
Also, -vyv = cosine of a, 

NO . £a 

^pri. = cosine of p, 

OP 
and Tj-iTr = cosine of (a + 0). 

The line MP = MB + KP, and RP = N Q; 
.-.MP = MR + NQ. (1) 

Also the angle at M = the angle a. 

For ZRNO = ZNOQ; •.• RN parallel to OQ. 

ZMNO = 90°. 

AlsoZMNR + ZNMR = 9a>. -.•Ris90 > . 

.-.ZMNO = ZMNR+ZNMR. 

.-.ZNMR = 90 > -ZMNR=ZRNO= a. 

.-. ZNMR = a,andtheswi,&c, of each are equaL 

N R 
Therefore g™ = stwNME = sin a. (2) 

M R 

and ^ft? = cos N M R = cos a. (3) 

MN 

These facts being premised, we come to the proof 
of our theorem. 

To express sin, &c, of (a + 0) in terms of the Ratios 
of a and of ft. 

x MP MR + NQ _ /lx 

**(" + # = OM = OM "• By(1) 

MR NQ 

~ OM + OM' 

^ MR u _ MR MN 

But ^ may he wntten jJnOM' 



Digitized by LjOOQ IC 



COSINE OF (0+6). 



69 



NQ 
and Pyjrj may be written 



NQ ON 
ONOM' 



. , m MP MR + NQ 
«» (« + 0) = OM = 



OM 



MB 



NQ 
OM 
NQ ON 



OM + OM' 



MR MN 



" ON'OM^MN'OM' 
= sina.cosp + cosa.sinp \ 
= ife « . cos + cos a . «tn fi \ B ? <® & ( 3 > 
We may also express cos (a + 0) in this manner. 

, ax OP OQ-PQ 
Forco3(a + g) = OM= OM - 

OQ PQ OQ RN 
"OM OM"OM OM' 

•.PQ = RN. 
OQ ON_RN MN 
"ON • OM MN ' OM' 
= cos a .cos j3 — sin a . sin ft 
= cos a . cos ft — sin a . sin 0. 
We know now how to express the sine and cosine 
of the sum of two angles, and in the same manner 
we can find expressions for the sin and cosine of the 
difference of two angles. But the figure we used for 
the sum is not the most convenient to explain the 
difference, which is best shown by the following : — 
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This is precisely the same figure as before, changing 
what requires to be changed. The smaller angle 
A' B is the resulting angle now, and the line A' 
may be supposed to have gradually approached the 
line A 0, and after coinciding with it to have con- 
tinued towards BO. During this change, R will 
gradually approach N, until, when A' coincides 
with A 0, RN = 0. R will then become gradually 
greater, on the other side of N Q, as A' approaches 
OB. MN also becomes first less and then greater. 
ONM still being the right angle, but on the other 
side of A 0. Or we may imagine the former A'OA 
of the figure folded over on the line N. 

Then Z A'OB = what is left of Z AOB when 
A A' is taken from it ; i. e., angle a = A B, angle 
p = A'OA, and A'OB = angle (a - 0). 

NQ , a MN . , ox MP 
sm a = ^, sm0 = g^, sin (a - 0) = ^. 

OQ Q NO , ^ OP 
008 a = ON' cas * = Of C ° S (a " *> = OM- 

As before, the angle R M N = a, because Q N R and 
M N are each 90 , and, taking away M N Q, 
.-.ONQ = RNM. 

But ONQ + QON = 90°,alsoRNM + RMN = 
90°, and taking away ONQ and RNM, which are 
equal, 

.\RMN = NOQ=a. 

N R 
. * . ^FTk = «nNMB = sin a, 
NM 

, RM „___ 

and ^rn- = cos N M R = cos a. 

NM 

Now we come to the proof of the formulae for the 
sine and cosine of (a — /§) in terms of sin and cos of 
a and/3. 
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MP BP-BM 
sin (a -/3) = ^ - ^j , 

NQ-BM . .wo-"RP 

= OM - .NQ-BP. 

NQ BM 
" OM OM* 

^ . NQ _ ... NQ ON 

But 0M mayb6Wntten 0N'0M' 

BM BM MN 

aad OM " " MN'OM* 

NQ ON BM MN 
ttn(a-0) -ON'OM'MN'OM' 

= sin a . cos (3 —cos a . sin &. 

, ^ OP OQ+QP 
Also, cos (a- 0) = g-g = — om""' 

-SS + 51- »■*«* = ■* 

_OQON NB MN 
-ON , OM + MN'Ol' 
= cos a . cos /3 + sin a . sin p. 

These four may be collected thus : — 

sin (a + j3) = sin a . cos p + cos a . sin p. 
g^ n ( a _ j3) = sin a . cos j3 — cos a . sin p. 
cos (a + /3) = cos a . cos p — sin a . sin p. 
cos (a — /3) = cos a . cos /3 + stn a . sin j3. 

Notice, that the sign in the expression for the sine 
is + for (a + 0), and - for (a - /3); but is the re- 
verse for the cosine, — for (a + /3) and + for (a — 0). 
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Examples. 
(1.) Find the values for the sine and cosine of 
120° in the terms of the ratios of 90° and 30°. 

(2.) Find the above also in terms of 60° and 60°, 
and of 180° and 60°. 

Find the ratios of 90° in terms of 45° and 45°. 
Find the sine, cosine, and secant of 60°, in 
terms of 90° and 30°. 

(5.) Express the sine, secant, and tangent of 270°, 
in terms of 180? and 90?. 

(6.) Express the cosine and tangent of 180° in 
terms of 90° and 90°. 



CHAPTER Vm. 

Measurement bt Degrees, Grades, eto. 

It is proved in Euclid, Book I., Prop. 13, that the 
two angles formed by any one straight line meeting 
another are together equal to two right angles. It 
was also shown (Euclid, Vol. L page ), that all the 
angles formed by any number of lines meeting at 
one point are, together, equal to four right angles. 




Consequently, the angles formed at the centre of a 
circle, by any number of radii, are always equal to 
four right angles. 
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The total magnitude of these angles so formed at 
the centre of a circle, whatever be their number, is 
fixed and unalterable. But we may measure this 
fixed magnitude by any smaller magnitude of the 
same kind that we please. 

The English divide this space into four quarters, 
each one being a right angle, and, further, divide 
each right angle, or quadrant, into ninety equal parts. 
To each of these parts is given the name of degree, 
expressed by °, so that 14° means 14 degrees, just as 
£14 means 14 sovereigns, or 14c?. means 14 pence. 

The French divide their right angle, or quadrant, 
into one hundred equal parts, and call each of these 
a grade. 

The difference between the two systems may be 
shown thus : — 



English. 

1 right angle = 90 degrees 
1 degree = 60 minutes 
1 minute = 60 seconds 

Which may be written, 
1 right angle =90° 
1° = 6(X 

1' =60" 



French. 

1 right ang. = 100 grades 
1 grade = 100 minutes 
1 minute = 100 seconds 

Which may be written, 
1 right angle = 100? 
Iff = 100 s 

r = 100" 

The English method is convenient, and the French 
method inconvenient, to English mathematicians, 
because all their immense mass of astronomical and 
similar calculations are recorded in that manner ; and 
in France, the French method is equally convenient, 
and the English method inconvenient, for a similar 
reason. The French method has, however, the 
advantage of being adapted to the decimal method 
of arithmetic, which the English is not. 

An English degree is greater than a French grade 
in the ratio of 10 to 9 ; i. e. t 10 grades = 9 degrees. 

An English minute is greater than a French minute 

ii 
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in the ratio of 10,000 to 5400; i.e., 10,000 French 
minutes = 5400 English minutes, or 100 French 
minutes = 54 English minutes. 

An English second is greater than a French 
minute in the ratio of 1,000,000 to 324,000, or of 
1000 to 324; i.e., 1000 French seconds = 324 Eng- 
lish seconds. 

Therefore, any calculation made in one of these 
methods may be readily expressed in the other, 

since x degrees = -g- x grades, and x grades = jx x 

degrees. If there be any odd minutes or seconds, the 
simplest method is to convert them into decimals of 
a degree or grade. 

Examples. 

(1.) Express 14*741 grades in degrees, minutes, 
&c. 

(2.} Convert 14° 14' 14" into grades, minutes, &c. 

(3.) In a right-angled triangle, one of the acute 
angles is half of the other. Express the measure- 
ment of the three angles in the French and also in 
the English method. 

(4.) Find the ratio between 67° 14' and 77* 14'. 



(5.} Reduce 101 g into degrees, &c. 
(6.) Reduce 84° into grades, &c. 



CHAPTER IX. 

Circular Measurement of Angles. 

If we have an angle, A B C, of such magnitude that 
the chord AC equals the radius AB or BC, we 
shall find the triangle A B C to be equilateral, and 
therefore 60° is the angle subtended by a chord 
equal to the radius. 
But the arc A C is somewhat greater than the 
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chord A C, and six such triangles as A B C will 
exactly fill the circle (of which the centre is B, and 




the radius A B), with the exception of the six spaces 
between the chords and the circumference. 

Since each chord is equal to the radius, therefore 
the six chords are equal to thrice the diameter of the 
circle. But since each arc is greater than its chord, 
therefore the whole circumference is greater than 
thrice the diameter. Also, the angle subtended by 
an arc equal to the radius is less than 60°. 

By actual calculation the ratio of the circum- 
ference to the diameter is found to be 3-14159+ ; 
i.e., the circumference is 3*14:159+ times the dia- 
meter. 

Also the angle that subtends an arc equal in 
length to the radius is found to be 57-2957°+. 

The first of these is an unalterable quantity; i. e. f 
in every circle the circumference is 3*14159 the dia- 
meter (or 6*28318+ times the radius), whatever be 
the system of calculation. 

The second of these varies with the method of 
calculation ; i. e., if the circle be divided into 360°, 
then the angle spoken of is 57*2957+°; but if, as 
in the French method, the circle is divided into 

400 grades, then the given angle is i? x 57-2957+* 

= 63 • 691 + &. But though the method of expression 
varies, the fact itself is unalterable ; i. c, the fact that 
the angle subtended by an arc equal to the radius is 
not quite, but very nearly, two-thirds of a right 
angle. 
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These two expressions, 57 • 2957 + ° and 3 • 14159 + , 
occur very frequently in Trigonometrical calcula- 
tions, and it is found convenient to express them by 
shorter symbols. 

57*2957+° is expressed by o>, the long o of the 

Greek alphabet. 
3 '14159 + is expressed by n, the p of the Greek 

alphabet. 

These two expressions are both constant, and 
have also a constant ratio to each other. 

For, arc of angle g>° = radius, 
also, circumference = it . diameter, 
= 2 7T radius, 
= 2 7T . arc of o>° ; 
.-. »°x 2tt = 360°, 
i.e., 57 -2957° x 3 14159 = 180°. 

From this we get that — 

180 

, 180° 
and o>° = . 

Therefore, the circumference subtends an angle 
(360°) 2 7T times as great as 57-2957+°, and there- 
fore the angle at the centre of a circle, i. e. t four 
right angles, is 2 ir times g>°. 

^ , o 90° 1 right angle 

Therefore, »° = -r — = r ™ Q.^un : > 
' 4 it half 3*14159 + ' 

_ 18(F _ 2 right ang les 

"~ 7T " 3-14159+ ' 

_ 360° 4 right angles 

~" 2tt ~ 2x314159+ ' 

We have from this another means of measuring 
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angles, distinct from the measurement by degrees. 
We may say, now, of any angle, either that it is bo 
many degrees, or such a fraction (proper or im- 
proper) of «. 

This « may be considered as so many degrees, in 
which case the two methods of expression become 
the same, or it may be regarded as simply the par- 
ticular angle subtended by an arc equal to the 
radius, in which case they are different. 

Examples. 

(1.) Express an angle of 36° lC as a fraction of «°. 

(2.) In a right-angled triangle, one of the acute 
angles is { of the other. Express the respective 
magnitude of the three angles. 

1. In the French method, grades, &c. 

2. In the English method, degrees, &c. 

3. As fractions of «°. 

o 

(3.) Express -j- in grades, and also in degrees. 

(4.) In a circle of 8*47 radius, find the ratio of an 
arc of 4*27 to the circumference. 



CHAPTEK X. 

Actual Valubs of Ratios. 

The calculations necessary to find the actual values 
of sides and angles are frequently very long, and 
though not necessarily difficult, generally tedious. 

One of the earliest methoc^B of shortening these 
was to calculate the actual length of the sine and 
other lines belonging to angles between 0° and 90°. 

Thus it was found that the sine of 30° is always 
i or # 5 of the radius, that the angle whose sine is i 

h2 
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ACTUAL VALUES OF BINES. 



or # 25 of the radius is between 14° and 15°, and that 
the sine which is I or *75 of the radius is between 
48° and 49°. The exact length, to 7 places of 
decimals, of the sine and cosine for every degree 
and minute from 1' to 90° was calculated, and the 
whole series collected into a table, thus : — 



Degrees. 


Length of Sine. 


Degrees. 


Length of Sine. 


o / 




•ooooooo 


O 1 

30 


•5 


1 


•0002909 






2 
3 
4 


•0005818 
•0008727 
•0011636 


36 52 
36 53 


•5999549 
•6001876 


5 44 


•0998986 


44 25 


•6998711 


5 45 


•1001881 


44 26 


•7000789 


11 32 
11 33 


•1999380 
•2002230 


53 7 
53 8 


•7998593 
•8000338 


17 27 


•2998734 






17 28 


•3001509 


64 9 


•8999386 






64 10 


•9000654 


23 34 


•3998158 






23 35 


•4000825 


90 


1 



Here we have enough of the table extracted to 
show us that the sine increases about -fa (one tenth) 
of the radius for every six degrees. But as the angle 
increases from 44° to 90° the sine increases much 
more slowly, taking 9° to increase from -7 to # 8, 
11° to increase from *8 to *9, and 26° to increase 
from *9 to 1. 

The values are expressed to 7 places of decimals, 
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not because there are no more, but because, speak- 
ing generally, this is sufficiently accurate : also to 
avoid any difficulty arising from decimal calcula- 
tions, both the sine and radius are multiplied by 
10,000,000; i. e., the radius is considered to be 
divided into ten million equal parts, and the given 
sine is expressed by saying how many of these parts 
it equals. 

But this table will also give us, very readily, the 
value of the cosine of any angle. We have seen 
(page 42) that the cosine of any angle m° = the 
sine of r90°-m°). Therefore we shall find that the 
same table which, read downwards, gives the lengths 
of the sines, will, read upwards, give the lengths of 
the cosines. 



Degrees. 


Sines. 


Degrees. 


o / 

544 
5 45 


•0998986 
•1001881 


o / 

84 16 
84 15 


11 32 
11 33 


•1999380 
•2002230 


78 28 
78 27 


17 27 

17 28 


•2998734 
•3001509 


72 33 

72 32 


23 34 
23 35 


•3998158 
•4000825 


66 26 
66 25 


30 


•5 

Cosines. 


60 



Thus we see that the sine of 30° and the cosine of 
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60° are alike '5; the sine of 17° 27' and the cosine 
of 72° 33* are alike -2998734, Ac. 

The tangents of all angles from 0° to 90° cannot 
be given in tables in this way, because they increase 
from to oo ; *. e., from nothing to infinity. But we 
do not so much need a table of tangents, since the 
equation — 

sine 

— : — = tangent, 

cosine 

will always enable us to find the tangent with ease 
and accuracy. 

ThusthetengentofO° = -^-.= -?- =0, 
cosine 1 

the tangent of 90° = — — = -77- = 00 , 
cosine 

au 4. A rono sine 6000000 tfr 

the tangent of 30°= -^_ = ___— = -57+; 
cosine 8660254: 

i. e. t rather more than half the radius. 

Also, since cotangent = - , secant = r— * 

tangent cosine 

and cosecant = —. — , we can very readily find the 
sine 

cotangent, secant, or cosecant of any angle. 

Thus— 

.„ . a™ 1 cos 5000000 K _ , 

001811 Of60P= ^= Tin- = 8660254 = ' 57 + ' 

secantof45°=^ = 7 -^ 8= .14 + , 
and — 

cosec of 40° = -i- = —^77; = -15 +. 
sine 6427876 

^■^ we see that from the table of actual values 
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of the sine from 0° to 90° we get, by inverting it, 
the values of the cosine, and also the values of the 
tangent, cotangent, secant, and cosecant. 

But this calculation of the values of the sine, &c, 
did not aid very much in the actual working of 
trigonometrical calculations. The sines, &c, being 
expressed by seven figures, and the sides also re- 
quiring many figures to express their values cor- 
rectly, the multiplication and division of these were 
still long and tedious operations, until the use of 
logarithms made them shorter and easier. 

In Algebra it is proved that — 

a m x a" = a* + v, 
and "*-=-a* = a«_y. 

Upon these two theorems has been constructed a 
system of ready and accurate calculation of problems 
in multiplication and division, which is also appli- 
cable in extracting roots and finding powers of large 
numbers, and is therefore especially valuable in tri- 
gonometrical calculation. This system, called the 
system of Logarithms, is described in the next 
chapter. 

Examples. 

(1.) The length of the sine is '3784 Give an 
approximate value for the angle. 

(2.) In a right angle the perpendicular is ■£• of the 
hypothenuse. Find the approximate values of the 
two acute angles. 

(3.) The base of a right-angled triangle is 1 of the 
hypothenuse. Find approximate values for the 
angles. 

(4.) One acute angle of a right-angled triangle is 
23° 34', and the hypothenuse is 49 '4. Find the 
other angle, and approximate values of the other 
sides. 
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CHAPTEB XL 

Logarithms. 

Trigonometry is built up on the twofold basis of 
Geometry and Algebra. Geometry is a pure science, 
the science of Space ; Algebra is a pure science, the 
science of Number. Trigonometry is also a pure 
science, and may be called the science of .Ratio. We 
saw, in talking of the Sixth Book of Euclid, that 
Katio is more neatly and comprehensively expressed 
by Algebra than by Geometry. And so Trigono- 
metry, which may be regarded as an extension of 
this Sixth Book, is compounded of the two sciences, 
each helping the other. 

By a pure science is meant a science of general 
truths only. Thus, Algebra is a pure science; 
Arithmetic an applied science, m + m = ( 2m is 
Algebra; 4 + 4=8, or 3 + 3 = 6, is Arithmetic. 
The one is a general statement ; the other the applica- 
tion of the general statement to a particular case. 

When we prove the general truths of Trigono- 
metry, as the relations between the sides and angles, 
we are dealing with pure science ; when we use the 
truths thus established for the purpose of finding 
the exact size of any particular angle, or the length 
of any given line, we use it as an applied science. 

In this application we have very frequently to 
make very long and complicated calculations. In 
Algebra we find that an immense gain in time and 
accuracy is derived from the use, whenever possible, 
of the Binomial Theorem. Just in the same way, 
the use of Logarithms shortens very materially long 
calculations in Multiplication and Division. 

The theory of Logarithms belongs to pure mathe- 
matics, and may be considered as a branch of 
advanced Algebra; but the subject requires to be 
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discussed, at more or less length, in a treatise on 
Trigonometry, in order that we may thoroughly un- 
derstand the method of use. 
If we take the equation— 



we have a formula which expresses that some 
number a when raised to the a th power = ra. 
We shall find that as a increases, m increases with 
it ; also, as x increases, so m increases. 

Also, if we know a and x, we know m ; if we know 
a and m we can find x ; generally, if we have any 
two of the three given, we can find the third. 

The calculations of the successive values of x, in 
the different equations arising from 10* = m, as m 
gradually increases, are very long and intricate ; but 
being once made, the values can be registered, and 
are thus known by simple reference. 

The result, practically, is the same as if all possibly 
required sums in multiplication and division were 
worked out and the answers registered. The use of 
Logarithms is, however, a much more scientific 
system than any such registration of actual opera- 
tions. 

The practical utility of Logarithms consists in 
considering every possible number as a power of 10 ; 
that is, in the equation — 



putting a = 10, and then finding the value of x for 
every successive value of m. Thus — 

10* = 10. 

Here x = 1 ; therefore, whenever m is more than 
10, x is more than 1, and whenever m is less than 10, 
x is less than 1. 

10* = 100. 

Therefore, when ra is greater than 100, x is greater 
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than 2; and, if m is less than 100 but greater than 
10, then x is less than 2 but greater than 1. 

Also, 10 s = 1000, 10 4 = 10,000, &c. : so that we 
know at once between what two whole numbers the 
value of x lies. 

The values of x in the equation, 
10* = m, 
being calculated for the successive whole numbers, 
beginning at 1, we get a table of Logarithms ; thus, 
if 10* = 1, 

then x = ; 

if 10* = 2, 

then x= -3010300; 

if 10* = 3, 

then x = -4771213 

if 10* = 4, 

then x = -6020600 

if 10* = 5, 

then x = -6989700. 

Thus, the value of as is seen to gradually approach 
1 until — 

10* = 10, 
then 03=1. 

In the logarithms from to 10, the increase in 
the value of x is comparatively rapid ; but in pass- 
ing from 10 to 100, we shall find the increase much 
more gradual, since there will be ninety different 
values of x before we come to — 

10* = 100, 
when x = 2. 

Thus, 10* = 11 ; 

.-.*= 1-0413927. 
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10* = 12; 
.-.* = 1-0791812. 

10*= 13; 
.-.* = 1-1139434. 

10* =64; 
r.x = 1-7323938. 

10* = 79; 
,'.x = 1-8976271. 

10*= 99; 
.-.* = 1-9956352. 

From these we see, that the value of x when 10*, 
equals any number between 10 and 100, passes 
gradually from 1 to 2, being the whole number 1 
with a decimal, generally carried to the seventh 
place. 

As 10* increases from 100 to 1000, that is, as as 
increases from 2 to 3, we find the changes in the 
value of x much more slow, there being nine hun- 
dred values between 2 and 3. 

Thus, 10*= 101; 

.-.* = 2-0043214. 

10*= 102; 
.'.x = 2-0086002. 

10* = 103; 
.-.a =2-0128372. 

10* = 304; 
.'.x = 2-4828736. 

10* = 739; 
.'.x = 2-8686444. 

10* = 999; 
.'.x = 2-9995655. 
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Between 10* = 1000 and 10* = 10,000, that is, 
between x = 3 and x = 4 there are nine thousand 
changes of value for x, beginning with — 

10*= 1001; 
.-.* = 3-0004341, 

and ending with — 

10* =9999; 
.'.x = 3-9999957, 

and between x = 4 and x = 5 there are ninety thou- 
sand changes. 

As to the practical advantage of rising logarithms, 
it will be best shown by a few examples. 

Example. — Find the product of 473 by 859. 

Now, 10* = 473, 

and 10*- = 859; 

they, by algebra, 

10»+*' = 473x859. 

Therefore we find, by inspection, the logarithms of 
473 and 859, and, by adding them together, find the 
logarithm of their product. Thus, — 

log 473 = 2-6748611, 
= 2-9339932; 



.-. log 473 + 859= 5-6088543. 

And this number 5*6088543 is the logarithm or 
406307. Therefore we say, that the product of 473 
and 859 is 406307, and this we find without any 
labour of multiplication. 
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Again, required the product of 1741 and 8341. 
log 1741 = 3-2407988, 
log 8341 = 3-9212181; 



. • . log 1741 x 8341 = 7-1620169, 
and 7-1620169 is the log of 14521681 ; 
.-.1741x8341=14521681. 
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PAET n. 

Intboduotion. 

Wb have now acquired some familiarity with the 
technical terms of Trigonometry, and with the na- 
ture of the science. This will, it is hoped, enable 
ns to commence a more scientific and concise study 
of the whole subject. 

We are supposed to be familiar with the chief 
theorems of Geometry, to be able to solve readily 
both simple and quadratic Equations, and especially 
to have a thorough and familiar knowledge of what 
is meant by Eatio. 

The chief aim in Part I. was to get a clear notion 
of the nature and use of Trigonometry. The object 
in Part II. is to prove, mathematically, the truth 
of its theorems, and to give a concise view of the 
elements of the science. 



CHAPTER I. 
Modes of Measubing Angles. 

M A 



N N MB 

If any two lines A and B meet at 0, they form at 0, 
the point of meeting, an angle. 

If with as centre, and with any radius, M, a 
circle be described, the portion of the circumference 
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included between the two lines A and B varies 
-with the magnitude of the angle. 

If A B be a right angle, M N is one quarter of 
the circumference. 

If A B be two right angles, M N is half the cir- 
cumference. 

If therefore we know the value of ^=-^= 

MN 
we know the magnitude of the angle, and vice versa. 

The length of the radius M is quite immaterial, 
since the greater the radius, the greater the circum- 
ference. Whatever number of circles be described 

... ~ , ., - , . circumference . ,, 
with as centre, the fraction zr=— is the 

MN 

same for all. 

O is the centre of the circle. 

q xt [ are radii of the circle. 

M N is an arc of the circle. 

For convenience of practical expression, the cir- 
cumference of every circle is divided into 360 equal 
portions, and each such portion is called a degree. 

T* ™ xt circumference ... . , . _ 

If M N = 527^ , it is said to be an arc 

ooU 

of one degree, which is expressed thus, 1°. 
The angle M N, which (when M N = 1°) is 

= — ugn — , is said to be an angle of 1°. 
ooU 

„» . 4 right angles circumference , Q 
Therefore -^g^- = ggg = 1°, 

so that if we know the ratio of any angle to 4 right 
angles, we also know the ratio of the subtending arc 
to the circumference, and vice versd. But the actual 
magnitude of an angle of m° is always the same, 
while that of an arc of m° varies with the radius. 

12 
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Let B A be any angle. 

Describe, as before, with centre A and radius B, 




C D 



also, 



the circle of which D' B D is an arc ; 
draw B C perpendicular to A D, 

» bc „ „ Aiy, 

„ D E, the tangent to the circle at D, 
„ D'tf, „ „ „ D',and 

produce AB to meet D E in E and D 7 E' in E'. 
Then— 

B D is the arc 



> of the angle BAG = a. 



Also— 
B A C is the angle 1 

B C „ sine 

D E „ tangent 

A E „ secant \ of the arc B D. 

B C = A C „ cosine 

D'E* „ cotangent 

A E, „ cosecant 

Therefore we may speak of the sine, secant, and 
tangent of angle a as being the sine, secant, and tan- 
gent of the arc B D. In fact, we may, at any time, 
substitute angle a for arc B D, or arc B D for a. 

But in every case the length of the radius A B is 



BC 




a 


sine 


DE 




» 


tangent 


AE 




tt 


secant 


BC' = 


= A0 


n 


cosine 


D'E' 




» 


cotangent 


AE' 




>* 


cosecant 
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supposed to be known, and the 
are compared with it ; so that, in 


sine, tangent, &c., 
fact, we have — 


BO 
AB 


= sine 




DE 
AB 


= tangent 




AE 
AB 


= secant 


of angle a, 


BC 
AB = 


AC 

= a -r> = cosine 


>• or 
ofarcBD. 


iyE 

AB 


= cotangent 




AE* 
AB 


= cosecant 




And by similar triangles, we have — 


BO 
AB 


= sine 




BC 
AC 


= tangent 




AB 
AC 
AC 
AB 


= secant 
= cosine 


of angle a, 

or 
of arc B D, 


AC 
BC 


= cotangent 




AB 
^C 


= cosecant 

j 





We spoke, in Part I. (page 52), of these latter 
ratios as representing the former. It was thought 
that this phraseology might be useful at that ele- 
mentary stage ; but it will now be seen that the two 
sets of ratios are identical, but that the latter is the 
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more convenient mode of expression, inasmnch as 
it requires only the three lines A B, B C, and C A. 

The angle J3 = 90° — a, is called the complement 
of a. In same way a is the complement of j3. 

In all cases the sine, tangent, and secant of an angle 
are the cosine, cotangent, and cosecant of its comple- 
ment, and vice versd. 



\ 



Bx 




Theorem. 
For 



A CD 

sin 2 * + co« 2 = l. 
BC a + AC a = AB 2 
BC 2 + AC 2 



• • XB 2 ~ 1 ' 

bc 2 act; , . 

•'*AB 2 AB 2 ; 
. • . sin 2 -\- cos 2 =1. 

In same way we have — 

sec 2 — tan 2 = 1 ; 

.-. sec 2 = 1 + tan 2 . 
And also, cosec 2 — cot 2 = 1 ; 

. •. cosec 2 = 1 + co£ 2 . 

From these, as fundamental relations between the 

ratios, we are able to express any ratio in terms of 

any other. A complete table of the expressions is 

given in Part L (page 45). 

We have already seen that, for practical calcula- 

* By sin 2 is meant the square of the fraction represent- 
ing the ratio. 
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tions, angles are measured by degrees, each degree 
4 right angles 

"~ 360 

Each degree is farther divided into 60 equal parts, 
called minutes. 

Each minute is again subdivided into 60 equal 
parts, called seconds. 

The three marks, °, ; , and ", are used to express 
these three divisions; thus, 40° 14' 25". 

We may also use, and frequently with advantage, 
a decimal mode of expression. Thus, we may write 
the above, 40° 14*416' + , or as 40'2402°+. 

In French works on Trigonometry we find in use 
another division of the circumference, or of 4 right 
angles, which has the advantage of being at once 
expressed in decimals. 

The 4 right angles are divided into 400 equal 
grades (each one being the 100th part of one right 
angle), each grade into 100 minutes, and each minute 
into 100 seconds. These are written 41* 12 x 13~, 
which may be written as 41 • 1213* , or as -411213 of 
a right angle. 

It has already been shown (page 59), that all that 
has been said is equally true, whatever be the mag- 
nitude of the angle (or the arc), whether greater or 
less than any number of right angles. 

Also (page 64), not only can we express any one 
ratio in terms of any other, but we may express the 
ratios of one angle in terms of the ratios of others, 
as the ratios of 60° in terms of 40° and 20°, 90°-30°, 
30° +30°, &c.,&c. 

Lastly, it has been seen (page 60), that simple 
cases of right-angled triangles are easily solved and 
calculated ; but that more general problems required 
more familiarity with the inter-relations of the ratios. 

The next chapter shows how to find some of these 
inter-relations, and how to express in the most con- 
venient form. 
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CHAPTER n. 

Facts and Formula. 

We have seen that it is possible to find the sides and 
angles of a triangle if we have given us three out of 
the six. We saw (page 21) that in simple cases this 
could be done by simple Geometry and Algebra ; then 
(page 60), that more difficult cases could be solved, 
still without much trouble, by means of the simple 
ratios of Trigonometry, but also we have seen that 
any but the simpler cases require a more complete 
and familiar knowledge of the science. 

In this chapter we will collect the more important 
of the Facts and Formula which we find useful in 
the solution of triangles. In this respect it will re- 
semble a book of Euclid's Elements, being a collec- 
tion of distinct theorems, each one being proved by 
means of some one or more of those that precede it. 

To express the ratios of 2 A in terms of A. 
Sin 2 A = 2 sin A cos A. 

For sin (A + B) = sin A cos B + cos A sin B ; 
then, if A = B, 

sin 2 A = sin A cos A + cos A sin A, 
= 2 sin A cos A. 



Cos 2 A = cos 2 A — sin 8 A. 

For cos (A + B) = cos A cos B — sin A sin B ; 
then, if A = B, 

cos 2 A = cos 2 A — sin 2 A. 



C r (w2A = 2cos 2 A-l. 

For, cos 2 A = cos 2 A — sin 2 A, 
and sin 2 = 1 — cos 2 ; 
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". cos 2 A = cos 2 A — sin 2 A, 

= cos 2 A - (1 - cos *A), 
= 2 cos 2 A - 1. 



<7o«2A = l-2sw 2 A. 
For cos 2 A = cos 2 A - sm 2 A, 

= 1 — sw 2 A — ww *A, 
= 1-2 sin 2 A. 
Therefore cos 2 A = co« 2 A — sm 2 A, 
= 2 cos 2 A - 1, 
= 1-2 sin 2 A. 



Tan 9 A - 2 jgg A 

1 — tow 2 A 

For tan (A + B) = tan A + tow B 
1 — tow A tan B' 
and, if A = B; 

.'.tow 2 A = tan A + tawA 
1 — tan A tow A' 

2 ton A 



1 — tan 2 A* 



Cosecant 2 A = 



2 sm A cos A* 
For sm 2 A = 2 sin A cos A; 

. * . cosec = , „ 

2 sin A cos A 



Sec 2 A = _i 

cos 2 A — sm 2 A" 
For cos 2 A = cos 2 A - sin 2 A; 
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. • . sec 2 A = — oa . 2a > 

cos 2 A — sin *A 

_ 1 

" 2cos 2 A-l' 

= 1 

1 - 2 sin 3 A 



CW2A = ^=^ 
2 tow A 

2 ton A , 



For ton 2 A = 



1 - tow a A ' 

. A 1 — ton a A 

, cot 2 A = — n-r j — . 

2 ton A 



By writing A for 2 A, and i A for A, we get, from 

the above, 

Sin A = 2 sin I A cos £ A, 

cos A = cos a £ A — sin 2 i A, 

= 2cos a *A-l, 

= 1 — 2 sin 2 i A, 

. 2 ton i A 
ran A = » — §t-t> 

1 — ton a * A 

A 1 

COSeC A = s — i — s— t r—Tf 

2 sin £ A cos t A 



sec A = 
co£ A = 



1 — ton a $ A 
2 ton £ A 



To express the ratios of A in terms of 2 A. 
/Sin A = VI (1 — cos2A> 
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For sin 2 A = 2 sin A cos A, 
= 1-2 sin 2 A ; 
.-. 2sm a A = 1 — cos 2 A; 

.'.sin A = V i ( l - cos 2 A). 

CasA = V i(l + cos 2~A). 
For cos 2 A = cos 2 A - sin 2 A, 
= 2 cos 2 A-1; 
.-.2cos 2 A = 1 + cos 2 A; 



cos A = J \ (1 + cos 2 A). 



Taw A 



= v^ 



cos 2 A 



cos 2 A 



For 
and 

also 



swA = y r ^(l-cos2 A), 
cos A = V r i(l + cos2A), 
sin A 



tan A = 



cos A 9 



wa _Vi(l-cos2A) 
*/* (* + <** 2 A)' 
= ^ / /1-^2A \ 
v \1 + cos2a/ 



From the above, we have also, 



V* (1- cos 2 A)' 

co^ a = a // r . 1 + c ° g srr \ 

v ^ 1- cos 2A/ 



97 
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It will be noticed that all the ratios of A are ex- 
pressed in terms of cos 2 A. It is, however, some- 
times desirable to have an expression in terms of 
sin 2 A. 

o. a V (l + «w2A)+V (l-sw2A) 
oin A = o • 

For— 
(sin A ± cos A) 2 = sin 2 A + cos 2 A + 2 sin A cos A, 
= 1 + sm2A. 
(since (x + yf = a 2 + y 2 + 2ay, 
s*n 2 + cos 2 = 1, 
and sw 2 A = 2 szVi A cos A). 
In same way (sin A — cos A) 2 = 1 — sin 2 A ; 
.-.2smA = V(l + »n2A) + V r (l-^2A), 
and 2 cos A = V (1 + sin 2 A) - V (1 - sin 2 A). 
From this, as above, 

. . v f (l+«^2A)+v r (l-s*w2A) 
sin A = o * 

and cos A = ± Q ±^ 2 A > ~^ S=* 2 A >. 

Tan A = V P + «k 2 A ) + V ( 1-gfa 2 A) 
V (1 + sm 2 A) -V (1-sm 2 A)' 
Also, 

. 2 

C08ec A ~ V (l+«« 2 A) + 7 (1-sm 2 A)' 

. _2 

860 A " V (1 +«™ 2 A) - V (lsin 2 A)* 
These are all given, in a tabular form, in Table 9, 
where will also be found a general collection of the 
equivalent valnes most useful in the Solution of 
Triangles, and in Trigonometry generally. 
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CHAPTER ILL 

Solution of Right-angled Triangles. 

By the solution of a triangle is meant the process 
of finding the unknown sides or angles by means of 
relations known to exist between these and the sides 
or angles already known. 

We have already seen that if we know any three 
of the six parts (three angles and three sides) of a 
triangle we can find the remaining three. The two 
exceptions to this are — 

(1.) When the three angles only are given: in 
which case the number of triangles that will satisfy 
the given conditions is infinite. 

(2.) When two sides and an angle opposite to one 
of them are given: in which case there are two 
triangles that will satisfy the given conditions. 

The solution of right-angled triangles is, generally, 
easier than the solution of oblique-angled triangles, 
because we have two important theorems applicable 
to this case. 

(1.) The square of the hypothenuse equals the 
sum of the squares of the two other sides. 

(2.) The sum of the acute angles is 90°. 



5 a C 

That is, c 2 = a 2 + J 2 , and A + B = 90°. 

Therefore we will first give the general formula 
for use in the various cases of a right-angled 
triangle. 

(1.) To solve a right-angled triangle when the two 
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sides are given (a, b, and C, given to find c, A, 
andB> 

5=tonB, 

h -=cotA. 

If the values of a and b are small numbers, we 
get, very easily, the square root of the sum of then- 
squares for the hypothenuse, and the quotient of b 
by a (or of a by b) will give the tan of one angle 
and the cot of the other. 

But if these values, a and b, are large, this will 
require some tedious calculations in multiplication 
and division. These if done hastily are very liable 
to errors, and if done with care require time. There- 
fore it is better to have formula? adapted to loga- 
rithmic calculation, which will enable us to do with- 
out the tedious calculation of long problems in 
multiplication and division, and which we may use 
to a greater or less degree of precision as we 

thiTilr fit. 

Then we have — 

b 
tan B =- . ' . log tan B = log b — log a; 

. \ L tan B = 10 + log b - log a. 
Also, A = 90°-B. 

Lastly, - = sin B . • . c = ^-^- 
c s%n a 

. ' . log c = 10 + log b — L sin B. 

Example. — In a right-angled triangle, a = 14, 
b = 68*28. 
Bequired c, A, and B. 

""^% formula c = Vl4 s + 68'28 s would require 
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the calculation of the squares of 14 and 68*28, and 
the extraction of the root of their sum. 

The formula - = tan B would require the divi- 
a 
sion of 68-28 by 14, and the finding the angle whose 
tan equals the quotient. 

But, with the use of logarithms, the method of 
procedure is thus : — 

L tan B = 10 + log b - log a, 

= 10 + 1-8342935 - 1 1461280, 
= 10-6881655. 
Now this logarithm is between 10*6876734 (the 
L of tan 78° 24'), and 10*6883152 (L of tan 78° 25'). 
By calculating this difference, we find — 

L tan B = L tan 78° 24' 46" + ; 
.-. B = 78° 24' 46"+. 
And A = 90° - B = 11° 35' 14" -. 
For the third side c, we have the formula :— 
log c = 10 + log b — L sin B, 

= 10 + 1-8342935 - 9-9910574, 
= 1-8432361, 
= log of 69*7; 
.-. log c= log 69*7; 

.-.c=69-7. 
Therefore, in a triangle in which a = ] 4, b - 68*28, 
c = 90°, we have c = 69-7, A = 11° 35' 14", 
B = 78° 24' 46". 

(2.) To solve a right-angled triangle when the 
hypothenuse and one side are given (a, c, 0, given 
to find 6, A, and B). 

Now, b = V c* — a 2 , 

= V25 v 23 2 -8-67 2 . 

k 2 
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Also. - = sin A = cos B. 

c 

Or, we may find A from sin A *= -, and then 
B=90°-A,and& = cco8A. 

But if we wish to avail ourselves of logarithms, we 
nrast have formal© adapted to logarithmic calcula- 
tion ; i.e., formal© composed of products or quotients, 
as logarithms are of no use in calculating sums and 
differences. 

c 
. • . log sin A = log a — log c; 
. • . L sin A = 10 + log a — log c. 
Also, b = V c a — a a , 

. •. log & = £ log (c—a) + £ log (c+a). 

Example.— "Let a = 8'67, c = 25'23, C = 90°. 
Now, L «i» A = 10 + log a — log c, 

= 10 + -9380191 - 1-4019173, 
= 9-5361018, 
= sin 20P 5' 65" + ; 
.-.A = 20? 5' 55"+. 
Then, B = 90° - A, 

= 59° 54/ 5". 
Finally,log b = £log (c — a) + \ log (c + a), 
1-2190603 , 1-5301 997 
~ 2 + 5~' 
= 23-69. 
Therefore, if a = 8-67, c = 25-23, and C = 90°; 
also, b = 23-69, A =20° 5' 55", andB = 59° 54' 5". 
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(3.) To solve a right-angled triangle when a 
second angle and one of the sides be given (a, B, 
and C, given to find b, c, and A). 

Now, - = to»B; 

a 

. • . b = a tan B. 

Also, - = «ec B; 

a 

. • . c = a . sec B. 

And A = 90° - B. 

This set of formula is adopted to logarithmic cal- 
culation, and we have- 
log b = log a + log tan B, 

= log a + L tow B- 10; 
also, log c = log a + log sec B, 

= log a + L sec B - 10. 

Example.— Let a = 14'7, B = 14° 27' 34", C = 90° 
Then log 6 = log a + L tan B — 10, 

= 1-1673173 + 9-4113364 - 10. 

= 5786537, 

= log 379011; 
.-. 6 = 3-79011. 
Also, log c = log a + L sec B — 10, 

= 1-1673173 + 10-0139790-10, 

= 1-1812963, 

= log 15-180, 
and A = 90°-B = 75°32'26". 

Therefore, when a = 147, B = 14° 27' 34", and 
O = 90°; then b = 3-79011, c = 1518, and A = 
75° 32' 26". 

(4.) To solve a right-angled triangle when the 
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hypothenuse and a second angle are given (c, A, and 
C, given to find a, b, and B). 
Now, B = 90°-A; 

b 
also, - = sin B; 

c 

. • . b = cjtnB, 

and - = cos B ; 

c 

. • . a = c . cos B. 

These, adapted to logarithmic calculations, be- 
come — 

log b = log c + log sw B, 
= log c + L «m B — 10, 
and log a = log c + L cos B — 10. 

Example,— Let c = 34'78, A = 14° 14' 84", and 
C = 90°. 
Required a, b, and B. 
Now, B = 90° - A = 75° 45' 26" ; 
also, log b = log c + L sm B — 10, 

= 1-5413296 + 9-9864412 - 10, 
= 1-5277708, 
= log 33-7109. 
Also log a = log c + L cos B — 10, 

= 1-5413296 + 9-3909641 - 10, 
= 9322937, 
= log 8-55645; 
.-.a = 8-55645. 

It must not be supposed that the method given 
here in any one of the four cases is the only, or even 
the best, method for all examples. Each triangle 
must be taken by itself, and practice will soon give 
sufficient familiarity with the facts and formulae to 
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enable us to see at once what is the most conve- 
nient method for any particular case. 



(1.) Given a 

(2.) Given a 

(3.) Given b 

(4.) Given a 

(5.) Given a 

(6.) Given c 

(7.) Given c -. 

(8.) Given b -. 

(9.) Given b -. 

(10.) Given a : 

(11.) Given b •• 

(12.) Given c = 



Examples. 

= 14-71, & = 39'8 
= 70-09, c = 74-103 
= 39-47, c = 8-4907 
= 7-049, A =79° 14' 34" 
= 494-72, B= 8° 17' 9" 
= 784-1, A = 79° 14' 2" 

= 94-73, b= 4° air 

= 7-849, A = 79° Of 14" 
= 80047, B = 47° 3' 
= 47-47, b = 34894 
: 7-1321, B= 7° 4' 3" 
= 141-3, B = 14° 3' 49" 



CHAPTEB IV. 



Solution of Oblique-angled Tbiangles. 

Ik a right-angled triangle the ratios of sides are 
identical with the ratios of the sine, cosine, &c. ; but 
this is not the case with other triangles. Conse- 
quently the solution of these is more difficult and 
requires more femiliarity with the facts and formula 
(explained in Chapter LT.)> and a readiness in apply- 
ing those most suitable to each particular case. 

(1.) Given the two sides and the included angle 
of any triangle to find the other two angles and third 
side . (b, c, A, given to find a, B, C) 

^ sin B b 

Then -r-^s-; 
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sin B — sin C b — c 
* sin B + sin C 6 + c ' 
ton 3 (B - C) _ 6-c 
* * tow i (B + C) ~~ 6 + c* 
But- 
ton i(B+ C)= ton K180°- A), v(B+C = 180°-A) 
. A 

= 00*2; 

...toni(B-C) = gco4; 

A 
/.logtoni(B-C)=log(6-c)-log(6+c)+logco^; 

.\L ton i(B-C)=log(6-c)-log (b+c)+l,*cot ^ 

In this last equation all the terms in the right- 
hand side are known, and therefore we can find the 
value of i (B-C). We can easily find i (B+C) 
from B+C = 180°— A. A and B are then at once 
found. 

This may seem complicated, but if x, y, z, &c, be 
substituted for the ratios it will be seen that the 
whole operation is simply an ordinary algebraic one ; 
the only difficulty being the substitution of ton 
i (B-C) for sin B - sin C, and of ton i (B+C) for 
sin B+sin C. This is explained and proved on 
page 107. 

The third side a is easily found from the equation 
a sin A 
c sin C" 

Example. — Given b = 15*81, c = 8*47, A = 
14° 21' 37". 

* Notice that we do not subtract 10 from L cot, because 
L Jon appears on the other side of the equation, and 
the two 10's balance each other. 
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Bequired a, B, and C. 

A , _ «»B 6 

As before, -r— 7; = - ; 

sin B — sin C _ 6 — c ^ 
' sin B + sin C 6 + c ' 
tonj(B-C)ft-c 
* ' tan i (B + C) ~~ b + c" 
But ton *(B + C) = ton * (180° - A), 
,A 



ton j (B - G) __ 6-c . 



, (B-C) 6-c .A 



As we saw before, this may be adapted to logarith- 
mic calculation. 
Then— 

Lton2z5=log(&-c)-log(6 + c)+Lcoe7°12'18", 

= log 7-34- log 24-28+L cot 7° VZ 18", 
= 8692317 - 1-3852487 + 10-891914, 
= L ton 67° 28' 19"; 



' ' 2 ~ 








Also, 


B + C 


= 180° 


-A, 






= 180°- 


-14° 24' 37", 






= 165° 


35' 23". 


Therefore, 


B+C 


= 165° 


35' 23", 


md 


B-C 


= 134° 


56' 38"; 
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.-.A= 14°24'37", 
B = 150° 16' 0-5", 
and C= 15°19'22" 



179° W 59-5". 



The three angles amount to -5" less than 180°. 
This half a second is the sum of the decimal parts 
which we did not take into account, but which, of 
course, should be reckoned if minute accuracy is 
required. 

a __ sin A 
c ~* si n C ' 
c.sin A 



Finally, 



, a = 



sinC ' 

. • . log a = log c + L sin A — L sin 0, 
= log 7-97642; 
.-.a = 7-97642. 
And the complete triangle is, 
A= 14° 24' 37", 
B = 150° 16' 0-5", 
C= 15°19'22"; 
a = 797642, 
b = 15-81, 
c = 8-47. 

(2.) Given two sides and the angle opposite to one 
of them to solve the triangle (a, 6, A, given to find 
c, B, C). 

The angle B is found from— 

sin B b m 

sin A" a 9 

. ^ b . sin A 
.'. stnB = . 
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Also, C = 180° - (A + B), 

, a . sin C b . sin G 

and c = — : — -— or — . ^ . 

sin A sin B 

This case, however, requires special notice. See 
the remarks accompanying the example. 

Example.— Given A = 17° 14', a = 8*51, b = 27-2. 
Eequired B, C, and c. 

A , r sinB b 

As before, — — - = _, 

s*n A a 

27-2 



8-51' 
27-2 

8*5 
27-2 



• sin B = sin A, 



-8Tl sM7 ° 14 ' 

. • . L sin B = log 27*2 - log 8*51 + L sin 17° 14', 

= 9-9763178, 

= Lsm71°14'59"; 

.-.B = 71° 14' 59". 

Then, C = 180°-(A + B), 

= 180° - (17° 14' + 71° 14' 59"), 

= 91 31'1"; 

, a . sin C 

also, c= ; 

«tw A 

. ' . log c = log a + L sw C - L sin A, 

= log 28-7232; 

.'.c = 28-7232 

Thus the whole triangle is determined. 

A = 17° 14', 

B = 71° 14' 59", 

C = 91° 31' 1". 

L 
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a = 8-51, 
b = 27-2, 
c =28-7232. 

But there is another triangle besides this which 
will equally fulfil the conditions given. The reason 
of this (as given, so far as it concerns Geometry, in 
Euclid, Vol. L, page 11) is that the given angle is 
not included between the given sides, and therefore 
the side b may be either as in Fig. 1 or Fig. 2, the 
side a and angles A and C varying accordingly. 





B' u 



But our previous calculation should show this. 
If it does not, and we find that other triangles be- 
sides those found from given conditions will satisfy 
those conditions, it will suggest a doubt of the 
value of Trigonometry. But if we examine our 
former calculation we shall find that it will give us 
both the triangles. 



Thus, B = 17° 


14', b = 


= 8-51, 


c = 


27-2. 


Then, 


sin C 
ttinB ~ 


c 
' b 
27-2 
851 


» 






. • , 


, sin C = 


27-2 

Q.&1 


sin 17° 


14' 


> 



, L sin C = log 27-2-log 8'51+L sin 17° 14', 
= 9-9763178, 
» L sin 71° 14' 59". 
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But 9-9763178 also equal the L of an angle as 
much greater than 90° as 71° 14' 59" is less; i.e., 
sin 90°— x = sin 90°+a:. But, also, if a be greater 
than 6, B cannot be greater than 90°, therefore we 
can only take the smaller value. 

. • . sin 71° 14' 59" = sin 108° 45' 1", 
(for 90°-18° 45' 1" = 71° 14' 59", 
and 90°+ 18° 45' 1" = 108° 45' 1") ; 
.•.O = 90°±18°45 , l", 

= 71° 14' 59" or 108° 45' 1". 

Therefore, if we know only two sides and one 
angle of a triangle, we may not completely know the 
triangle, unless the angle be the one included by the 
two sides. 

But though we cannot find the triangle itself, we 
know that it must be one of two, both of which we 
can find. 

We have now two triangles. 

In (1) B=17° 14', C=71° 14' 59", 6=8-51, c=27-2. 
In (2) B=17° 14', 0=108° 45' 1", 6=851, c=272. 

Whichever value we take for C, we can easily 
find A and a. 



and 



For A = 180° - (0 + B), 

b . sin A 



sin B 



(3.) Given two angles and a side to find the re- 
maining sides and angle (A, B, c, given to find C, 
a, b). 

In this case the given side is the one adjacent to 
both angles. 



d by Google 
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Then, C = 180° - (A + B), 

c.sin A 



b = 



sin ' 

a . sin B 
sin A 



Example.— Given A = 64° 17, B = 81° 81' 14", 
c = 17-43. 
Eeqnired C, a, and b. 
Then, C = 180° - (A + B), 

= 180° -146° 48' 14" 
= 34°ir46"; 
c . sm A 



also, 



sin C ' 
17*43 x sin 64° 17' 



~ sin 34° 11' 46" ' 

. • . log a = log 1743+L at* 64° 17'-L«w34°ir 46", 

= log 27-9409; 

• .-.a =27-9409. 

„. „ , c . stw, B 
Finally, & = . ^ , 

17-43 xsm 81° 31' 14" , 
sm 34° 11' 46" ' 
. • . log b = log c + L sin 81° 31' 14"-L sin 34° 11' 46", 
= log 29-9755, 
.-.& = 29-9755. 
Therefore, A = 64° 17', 

B = 81° 31' 14", 
C = 34° 11' 46", 
a = 27-9409, 
b = 29-9755, 
c= 17-43. 
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(4.) Given two angles and a side opposite to one 
of them to find the remaining sides and angle 
(A, B, a, given to find C, b, c). 

Then, = 180° - (A + B),* 

, _ a.sinB 

sin A * 
__ a.sinC 
sin A 

Example.— Given A =37° 14',B=51° 17', a=49'7. 

Required C, b, and c. 

Then, C = 180° - (A + B), 

= 180° - 88° 31', 

= 91° 29'. 
. , , a.wnB 

A180, b = ; r 

sin A 
_ 49*7 x sin 51° 17' , 
sin 37° 14' ; 
.\ log b = log 49-7 + Turin 51° 17 -Lm 37° 14', 
= log 64-0898; 
.-.6 = 64-0898. 
a . sin 



And 



sin A ' 
49-7 x sin 91° 29' 



sin 37° 14' 
.-. log c = log 49-7+L m 91° 29' - L sin 87° 14'; 
= log 78-417; 
.'.c = 78-417. 

Therefore, A = 37° 14', 

B = 51° 17', 
C = 91° 29', 

l 2 
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a = 49-7, 
b = 64-0898, 
c = 78-417. 

It will be necessary to recur again to the particu- 
lar case of one angle being greater than 90°. 



CHAPTEK V. 

Practical Application op Trigonometry. 

We come now to the practical use of Trigonometry, 
to the discussion of the methods by which we are 
enabled to measure angles and distances that are 
inaccessible by ordinary methods, such as measuring 
the height of a tower or wall that we cannot ap- 
proach, or the width of a river that we cannot cross. 
The great principle is to fix upon three points, 
and to regard them as the three angular points of a 
triangle. Any general remarks will, however, be 
better understood after we have discussed a few 
examples. 

Example. — Required to find the width of a river 
without crossing it. 

Select some object (A) on the opposite bank, and 
observe it from two points (B and C) on this side, 
noting the magnitude of the two angles B and C, and 
their distance from each other. The breadth of the 
river will then form one side of the triangle thus 
formed, if B or C be opposite A. 



A 

Then, in the triangle A B 0, we know two angles 



Digitized by LjOOQ IC 



PRACTICAL TRIGONOMETRY. 115 

and the included side, and by the ordinary method 
we can find the other sides and the remaining angle. 

Thus, let C = 90°, B = 47° 4', and a = 89*7. 

We do not, however, want any but the side b, 
since our object is not to solve the triangle ABC, 
but to find the breadth of the river ; that is, the 
side b. 

rm b sin B 

Then, - = 



,6 = 



sin A ' 
a . sin B 



sin A ' 
. • . log b = log a + L sin B — L sin A, 

= log89-7 + Lsm47°4'-Lsm42 56' 
= log9&-4161; 
.-.6=96-4161; 
which is the width of the river, as required. 

But the angle may not be 90° ; that is, the 
triangle may not be a right-angled one, for the point 
A may not be opposite either B or C, or the river 
may wind so that B C may not be perpendicular to 
A Cor to AB. 

Suppose a = 89-7, B = 49° 6', and C = 54° 17'. 

Then, A = 180° - (B + C), 

= 76° 37', 

, b sin B 

and - = - — r ; 

a sin A 

, a . sin B 
.*• o = — : — —; 
sin A 

. • . log b = log a + L sin B — L sin A, 

= log 89-7+L sin 49° 6'-L«»n 76° 37', 

= log 62- 6926; 

.'.b = 62-6926; 

which is the width of the river in the slanting direc- 
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tion A G. This supposes that it is either impractica- 
ble or undesirable to measure it at right angles to its 
course. 

But the distance directly across the river from A 
is easily found, since the line of this distance forms 
with the line b and part of a a smaller triangle, of 
which B' will be 90°, and A' = 90° - c. In this 
smaller triangle we know one side b and the two 
adjacent angles A' and C. The side d is the direct 
distance of the river. 

Thus, b = 62-6926, C = 54° 17', A' = 45° 43\ 

(By A' and B' are meant the angles in the small 
triangle.) 

Then, B = 180° - (A + C), 
= 90°; 
d sin C 

also, r = "^"^> 
b sin B 

, _ b . sin C 
'"•*" sinB ; 
. • . log d = log 62-6926+ L sin 54° 17'- L sin 90°, 
= log 50-8997; 
,-.d = 60-8997; 
which is therefore the width of the river measured 
directly across. 

Example. — It is desired to ascertain the height of a 
tower, the top of which is inaccessible. 

Take any convenient point (C) at the foot of the 
tower, and any other (B) at a convenient distance 
from it. Measure the distance between these points 
(C and B). 

In the triangle A B C, the side b is the height of 

the tower, and we know the side a, the angle B, and 

the angle C. B is found by observing the top of the 

tower from that point, and measuring the angle 

^hich the line of vision makes with the ground. 
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C is a right angle, being the angle of the wall with 

the ground. 

Suppose a = 974,B = 43° 14', and C = 90°. 

_ b sin B 
Then,-=- 



\b = 



wnA' 
a . sin B 



sin A ' 

. * . log b = log a -f L sin B — L sin A, 

= log 97-4 + L sin 43° 14' - L *tn 46° 46f 
= log 81-6196; 
.-.6 = 81-6196; 
which is the height of the tower. 

It may be that the highest point of the tower, of 
which the height is desired, may not be directly 
above the outer wall, that is, the angle C may not 
be a right angle. In this case we must use a second 
triangle, as in the last example. Of this second 
triangle, the side b, the height of the tower, and the 
distance of the tower from the outer wall, form the 
three sides, of which only b is known. But we know 
all the angles, since one is 180°— C, the second 90°, 
and the third 90°— C. From these we can easily 
find the side V, which is the perpendicular height 
of the tower. 

The two cases of this example are precisely iden- 
tical with the two cases of the last proposition, the 
only difference being that in the case of the river 
the triangle is measured horizontally, while in the 
case of the tower it is perpendicular. In the one 
case, A, B, and C, are all on the ground ; in the other 
only B and C are on the ground, A being vertically 
above it. 

But it may happen that the top of the tower is 
not observable from the base of the outer wall ; most 
probably it would not be. In this case we must 
take two points away from the wall, thus : — 



Digitized by CjOOQ LC 



f 



118 PRACTICAL TRIGONOMETRY. 

A 




Observe the angle ABO, also the angle ADC, 
then also the angle A D B is known. Measure the 
base B D ; then we have in the triangle A B D two 
angles and the adjacent side; this will give us A D. 
Then in the triangle ADC we know ADC and 
D A C ; also C is 90°. Also we know A D, and so can 
easily find A C, the required height. 

Bnt it may also happen that the two points of 
observation B and D cannot be taken in the same 
line with C. In this case they may be taken at any 
convenient points. The course of procedure is, as 
before, to find A B in the triangle A B D, and then 
consider it as a side of the triangle ABC, and so to 
find A C, as required. 

Example. — To find the distance between two points 
that are both visible, but also both inaccessible to the 
observer. Let A and B be the two points. 

Take two convenient points from each of which 
A and B are both visible. Let these points of obser- 
vation be C and D. 




At C measure the angles A C B and D B. At 
D measure the angles ADC and B D A. Also mea- 
sure CD. From these data, the object is to find 
the length of A B. 

Now, in the triangle A C D we know the side C D, 
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and the angles A C D and ADC, therefore we can 
find AC. 

Then, in the triangle B C D we know the side C D, 
and the angles BCD and BDC, therefore we can 
findBC. 

Lastly, in the triangle B A C we know A C and 
B C, and the angle B C A, therefore the side A B can 
be found. 

Bat A B is the distance between the two points 
A and B, which was required to be known. 



Digitized by LjOOQ IC 



120 SPHEBICAL GEOMETRY. 



PABT III. 



CHAPTEE L 

Spherical Geometry. 

If a circle be allowed to revolve round one of its 
own diameters, the figure so described will be a 
sphere, a figure defined by saying that every point 
in its surface is equally distant from the centre of 
the generating circle, and of which we have a fannilmr 
example in a ball. 

If a sphere be cut by a plane, the section is a 
circle ; if the plane pass through the centre of the 
sphere, the circle of the section is greater than if 
it does not. 

All circles that pass through the centre of the 
sphere are equal in size, and are called great circles. 

When a sphere is cut by a plane, the centre of the 
circle made by the section is found by drawing a 
perpendicular from the centre of the sphere to the 
plane of the circle. 

Circles are said to be nearer to the centre of the 
sphere (and are greater) as this perpendicular dis- 
tance decreases, and, vice versd, the circles decrease 
in size as their distance from the centre increases. 

A great circle (i.e., one passing through the 
centre) divides a sphere into two equal parts, called 
hemispheres. 

Two great circles at right angles to each other 
divide the sphere into four equal parts, called 
quadrants. 
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Two great circles, whose inclination to each other 
is less than a right angle, enclose a portion of the 
sphere which is less than a quadrant, and which is 
called a lime. 



The surface of a sphere is equal to the product of the 
circumference and diameter of the generating circle, 
or (which is the same thing) of a great circle. 

Let d be the diameter, and c the circumference, 
then the surface of the sphere = dc = 3*14 d 2 . 

Example. — Let the diameter of a circle be 7 inches, 
then the circumference = 7x3*14 = 21*98, 

and the surface of the sphere = 21*98x7 = 153*86. 



The surface of a sphere is equal to four times the 
area of a great circle ; i.e., of the generating circle. 

Let d be the radius, then d x *7854 = area of circle, 
and surface of sphere =dx *7854 x 4. 

Example. — Let the diameter of a circle = 7, 
the circumference =21*98, (as above) 
the area of the circle = 7 2 x -7854 = 38*4846, 
and surface of sphere = 38 -4846 x 4, 
= 153*9384. 

The difference between 153*9384 and 153*86 as 
given above, is owing to the decimals not being 
taken to a sufficient number of places ; but, also, in 
this kind of calculation, we seldom get complete 
equality or complete values, partly because of the 
length of the decimals, and partly because they are 
frequently recurring decimals, and therefore the 
values are all more or less approximations. 



The solid content of a sphere is equal tc 
surface x radius 
3 
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Let d be the diameter of a great circle, and c the 
circumference, 
then the surface = c d, 

the radius =2l , 

2' 

and the solidity of the sphere = j d *£, 

o x 2k 

6 ' 
Example. — Let the diameter be 7, 

then the radius = ' , 

the surface = 153-9, 

and the solidity = 15 f ' 9 * 7 , 

= 179-5. 



Surfaces of spheres are to one another as the squares 
of their radii, and their solid contents as the cubes of 
their radii. 

If S and S' be the superficies (or surfaces) of two 
spheres, and R . R' their respective radii, then — 
S : S' : : R* : R*. 
Also, if and C be their respective solidities, 
then — 

C : C : : R 8 : R*. 

Example. — Let there be two spheres,one of 5 inches 
radius, and the other of 7 inches ; then the surfaces 
are as 25 to 49, and the solid contents as 125 to 343. 

From this we see that if we double the radius of 
a sphere we increase the surface fourfold, and the 
solid contents eightfold. 

Also to halve the radius is to quarter the surface 
Tnd to reduce the solidity to one-eighth. 
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As this theorem is very important, and not always 
very readily comprehended in all its fulness, we 
give here a few more examples. 

Table of Surfaces and Solidities of Spheres. 



Radii 


Surfaces. 


Solidities. 


feet 


square feet. 


cubic feet 


1 


12-56 


4-19 


2 


50-24 


33-49 


3 


113 04 


113-04 


4 


200-96 


267-88 


5 


314-00 


523-33 


6 


452-16 


904-32 


7 


615-24 


1435-56 


8 


803-84 


2143-57 


9 


1017-36 


3052-08 


10 


1256 00 


4186-66 



Spherical Triangles. 



If two great circles cross each other they enclose, 
as we have seen, a portion of the sphere, called a 
lune, resembling in shape a wedge, the width of the 
thicker edge of which varies from to half the cir- 
cumference ; never being quite so small as 0, never 
being quite so large as half the circumference. 

If a third circle cross two intersecting circles, the 
portion cut off is a triangular wedge, dSffering from 
a lunar wedge in that the outer surface is a triangle, 
while the inner edge becomes a point. 

The three sides of the triangle are arcs of circles, 
subtended at the centre by angles. The angle sub- 
tending each arc is the same as the angle of the 
planes of the other two circles. 
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Therefore, in a spherical triangle, there are six 
angles to be considered : 

fl). The three angles of the triangle. 

(2). The three angles corresponding with the 
three sides. 

We have seen (page 90), that we consider the 
sine of any angle as also the sine of the arc subtend- 
ing the angle. 

Therefore, we have, in every spherical triangle, 
six sines : 

(1). Three of the sides. 

(2). Three of the angles. 

Exercises. 

(1). Find the superficial extent of a sphere of 
which the radius is 4*7 inches. 

(2). Find the solidity of a sphere having a radius 
of 81 -73 yards. 

(3). If a cubic foot weigh 10 lbs. find the weight 
of a sphere the diameter of which is 819 feet. 

(4\ How many square yards in the superficies of 
a spnere of 6 * 8 feet radius ? 

(5). One globe has a radius of 2*8 inches, and 
anotner of 4*1 inches. How much is one super- 
ficies greater than the other? and by how much 
does the solidity of one exceed that of the other ? 



CHAPTEE IL 
Spherical Triangles. 



A spherical triangle resembles a plane triangle in 
having three sides and three angles, but it differs 
from it in that its sides are arcs of circles. 
This difference is a very important one, since we 
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have seen (page 91) that, for any angle, we may 
consider the sine, cosine, tangent, &c, as belonging 
either to the angle or to the arc of the circumference 
corresponding to it; also, that every arc may be 
considered as having a corresponding angle. 

Therefore, in a spherical triangje, not only the 
angles, bnt also the sides, have ratios; i.e., we have 
sines, cosines, tangents, &c, for the three angles, 
A, B, C, and also sines, cosines, tangents, &c, for the 
three sides, a, b, c. 

But the sines, &c, of the arcs of circles are ths 
same as those of the corresponding angles at the 
centre. Therefore, we may consider the six parts 01 
a spherical triangle as six angles. 

Thus, A, B, C, the three angles of the triangle, 
«uid * A', B', C, the three angles corresponding to 
the sides. 

But this view may be still farther extended, with 
a very important result. 

The three angles, A', B', C, corresponding to the 
arcs a, 6, c, are all supposed to be at the centre of 
the sphere. This follows from the fact that we con- 
sider here only triangles formed by great circles. If 
a triangle be formed (as any number of triangles 
may be) by three circles, of which one, two, or all, 
do not pass through the centre, such a triangle is 
not considered as a spherical triangle, though it be 
formed on the surface of a sphere by three intersect- 
ing circles. The technical term " spherical triangle " 
is confined to triangles formed by three intersecting 
great circles. 

Therefore, in every spherical triangle, we have, 
A, B, C, the three angles of the triangle, 
and A', B', C, the three angles forming a solid angle 

* We use A', B\ 0', as the angles corresponding to the 
sides o, 6, c. Any other letters, as D, E, F ; M, N, O, &c., 
would do; but A', B', C, are more symmetrical. 

m2 
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at the centre of the sphere, and corresponding to 
the sides a, b, c, respectively. 

This brings us to the consideration of a solid 
angle at the centre of the sphere. Just as we 
connect a plane angle with an arc of a circle, so we 
shall now be able to connect a solid angle and a 
spherical triangle. 

If we know the radius of a circle and the length 
of any arc, we know the angle at the centre corre- 
sponding to that arc, and vice versa. Just so, if we 
know the radius of a sphere, the data of a solid 
angle at the centre will give us the sides and angles 
of the corresponding spherical triangle, and the 
sides and angles of a spherical triangle will give us 
the data of the corresponding solid angle. 

Every spherical triangle is made by three arcs of 
great circles. Each of these arcs has a correspond- 
ing angle at the centre of its circle, but the centre 
of a sphere is the common centre of all its great 
circles, so that these three angles form a solid angle 
at the centre of the sphere. The three sides may be 
expressed by a, b f c, and the corresponding angles 
by A', B', C, as before. 

This gives us one correspondence between a 
spherical triangle and its solid angle. 

But each angle is in the same plane as its cor- 
responding arc; therefore the three angles of the 
solid angle are at the same inclination to each other 
as the sides of the triangle ; that is, the inclination 
of the three faces of the solid angle to each other 
are the same as the three angles of the triangle. 

This gives us another correspondence between the 
spherical triangle and its solid angle. 

Therefore, in every spherical triangle, the sides 
a, b, c, correspond to the three angular faces of a 
solid angle, and the three angles A, B, C, are the 
same as the angles of inclination of these three faces. 
So that as we speak of an angle or of its arc, so we 
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may speak of a spherical triangle or of its solid 
angle, and vice versa. 

In every spherical triangle, each part, A, B, C, 
a, b, c, has the six ratios, sine, cosine, tangent, secant, 
cosecant, and cotangent. 

In speaking of the sine, cosine, &c, of a side, we 
consider the side as an arc of a circle. 

All the properties we have proved for the ratios 
of plane angles are equally true of the ratios belong- 
ing to the angles of spherical triangles and to the 
solid angles belonging to them ; but we must extend 
our notions of triangles somewhat further than has 
been hitherto required for plane triangles. 

We may get a practical idea of a spherical triangle, 
and its corresponding solid angle, by taking a Dutch 
cheese and cutting it half-way through in three 
different directions, so that each of the three planes 
of section crosses the other two. 

In this way a piece will be quite cut away from 
the cheese; a piece in the shape of a triangular 
pointed wedge. If this piece be removed, it will 
leave a triangular hole bounded at the surface by 
three curved lines, and having three flat sides ter- 
minating together in a point at the centre of the 
cheese. The three curved lines will represent the 
spherical triangle, the point at the centre will re- 
present the corresponding solid angle. 

The piece removed will terminate in a three-faced 
solid angle, and the opposite end will be a curved 
surface bounded by three curved lines forming the 
corresponding spherical triangle. 

In the next chapter will be given a set of formula 
for the solution of spherical triangles. 

It will be found somewhat different from the 
formulae and method of solution in the case of plane 
triangles ; but each method will be found to illus- 
trate the other, and assist the comprehension of it. 
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CHAPTER m. 

Ratios of Spherical Triangles. 

Is the preceding chapter we explained how spheri- 
cal triangles were measured, and their sides and 
angles represented by ratios in very much the same 
manner as plane triangles. 

We have now, in this chapter, to explain three 
things: 

1st. How to find the ratios. 
2nd. How to establish some fundamental theo- 
rems. 
3rd. How to apply these theorems to the solu- 
tion of triangles. 



I. How to find the Ratios of a Spherical Triangle. 

For the sake of simplicity, we will take, first, the 
case of right-angled triangles ; i.e., spherical triangles 
in which one of the angles is a right angle. 




B 

Let A B be a triangular portion of the surface 
of a sphere, and let be the centre of the sphere. 

Then A, B, C, are radii of the sphere, and 
are all of equal length ; and if we take a point in 
each (A', B', C'), so that all three points are the same 
distance from 0, we shall have a plane triangle, 
A' B' C, which in some respects corresponds with 
the spherical triangle, and in some respects differs 
from it. 
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The three angles A', F, and C, are the same as 
the three angles A, B, and C ; so that the two tri- 
angles are equiangular. 

The plane of the triangle A'FC is parallel with 
the plane passing through the three angular points 
A, B, C, of the spherical triangle. 

Each of the sides, a', V, cf, of the triangle AFC 
is less than the corresponding side a, b, c, of the 
triangle, just as the area of the plane triangle A'FC 
is less than the area of the curved surface of the 
triangle ABC. 

Let the spherical triangle ABO be right-angled 
at C, then also the plane triangle A'B'u is right- 
angled at C. 

Then also — 

B' C 

-j-^L = sinA! = sinA, 

AK 

= cos F = coe B. 



— i± = sin F = sin B, 
= cos A' = cos A. 

^ = tan F = tan B, 
= cot A' = cot A. 



F C 

p-^ = tan A' = tan A, 

= cot F = cot B. 



-j-t-^j = *ec A' = sec A, 
A (7 

= cosec F = cosec B. 



V" 



Digitized by LjOOQ LC 



130 SPHERICAL TRIANGLES. 

— — = sec J? = sec B, 

= cosec A' = cosec A. 



So that any one ratio being given, the rest are 
easily found, both of A and B. being 90°, its ratios 
are all known. We have thus a method of finding 
the ratios for the angles of the triangle. We have 
now to find those for the sides, which (as we have 
before shown) are arcs of circles subtending certain 
angles at the centre, and the ratios of the angles 
may be also spoken of as ratios of the arcs ; i.e., of 
the sides of the spherical triangle. 

A 




To do this, take some point, M in B, draw M N, 
in plane B C, and perpendicular to plane C A ; 
from N draw N P, in plane A, and perpendicular 
to plane A B; then join M P, by a line in plane 
A O B, which will be perpendicular to plane A C* 
Then we have a triangular pyramid, of which 
M N P is the base and the apex, and we have three 
rightrangled triangles, viz. : — 

M N 0, right-angled at N. 
NOP, right-angled at P. 
MOP, right-angled at P. 
The triangle MNP is quite distinct from the 
tiangle A' F C, and is generally in a different plane. 
But the angles of triangle M N P are the same as 
those of the spherical triangle. 

Now the triangle MOP will give us the ratios of 
the arc A B ; i.e., of the angle A B : 

* The proof of this is too long to insert here. 
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Also the triangle M N will give the ratios of arc 
BC; «.e.,ofangleCOB: 

And the triangle. NOP will give the ratios of arc 
C A ; i.e., of angle C A. 

Tims in plane B 0, the triangle M N is right- 
angled at N, and then — 



MN „•„ 1 

OM =8m 




0N ,„. 

01 = "* 




MN /„„ 

OM 

MN = C08eC 


of angle B 0, or of arc B C, 
1 or of side a. 


or* 




MN 





In same way, in plane A C, the triangle NOP 
being right-angled at P, we have— 

NP 

ON 

ON 

NP" 

OP 

ON 

ON 

OP 

NP 

OP 

OP 

NP 



= tan 



= cot 



of angle A C, or of arc C A, 
or of side b. 
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= tan 



= cot 



of angle A B, or of arc A B, 
or of side c. 



Lastly, in. plane A OB, the triangle MOP being 
rightrangled at P, we have— 

MP 
OM 
OM 
MP 
OP 
OM 
OM 
OP 
MP 
OP 
OP 
MP 

We have thus methods of finding the ratios of all 
the six angles which have to be taken into account 
in every solid angle ; or, which is the same, in cal- 
culating the sides and angles of a spherical triangle. 

In the next chapter we shall establish some of the 
fundamental theorems by means of which we are 
enabled to solve spherical triangles ; i. e., find some 
of the sides and angles when others are given. 



CHAPTER IV. 

Fundamental Theorems of Spherical Triangles. 

We have seen that every spherical triangle has 
three angles and three sides, generally expressed by 
A, B; G, a, b,c. So far spherical and plane triangles 
arealike. 

But while plane triangles have sines, cosines, &c, 
only for the angles, spherical triangles have these 
ratios for both angles and sides; since the sides, 
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being arcs of circles, represent angles at the centres 
of those circles. 

The ratios of the six parts of a right-angled spheri- 
cal triangle (three sides and three angles) are con- 
nected by inter-relations expressed by the following 
six formulae. 

Let A, B, C, be the three angles, C being a right 
angle. 

Let a, b, c, be the sides opposite A, B, C, respec- 
tively. Then— 

(1.) sin a = sin c sin A ; 

also, sin b = sin c sin B. 
(2.) cos A = cos a sin B; 

also, cos B = cos b sin A. 
(3.) cos c = cos a cos b. 

(4.) cose = cot A cot B. 

(5.) tan a = tan c cosB; 

also, tan b = tan c cos A. 
(6.) tan a = tan Asinb; 

also, tan b = tan B sin a. 
Here the six formulae are stated together, bnt it 
is necessary to prove them before we can make use 
of them. Formulae 1, 3, 5, and 6, are easily esta- 
blished, and 2 and 4 are derived from them. 
Thus, to prove (1)— 

A 




sma = 



MP 
OM' 
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.MP MN 

MN'OM' 

= «wiA sin c, 

= sin c sin A ; 

. * . sin a — sin c sin A. 



(3.) 


cose = cos a cosh. 


For 


ON 




ON OP 

OP'OM' 




= cos b cos a; 




. • . cos c = cosb cos a. 


(5.) 
For, 


* tan b = tan c cos A. 




PN MN 

MN'NO' 

= cos A tow c; 

. • . ton b = ton c cos A. 


(6.) 


tan a = tan A sin b. 


For, 


tona = **|, 




MP NP 

NP'OF 

= ton A sin b, 

. • . ton a = ton A sin b. 



The second cases may be proved in exactly the 
same manner, changing, when necessary, the figure, 
so that instead of M P perpendicular to P, we have 

* We take the second case, because with our figure the 
proof is more simple. 
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P M perpendicular to OM; and instead of M N per- 
pendicular to N, we have N M perpendicular to 
M ; also N P perpendicular to P instead of to 
ON. 

We have now to deduce formulae (2) and (4) from 
the theorems already established. Thus, in (4) — 
cos o = cot A cot B. 
For, tan a = tan A sin b, (6) 

and, tan b = tan B sin a, 

multiplying these together, we have — 

tan a tan b = tan A tan B sin a sin b; 
. tan a tan b .. „ «. * . 



tan A tan B * 




1 _ 8m a sin b 




tan A tan B tan a tan b' 




■^x sin a 

.out, = cos a. 

tana . . sin .„ 
. ■, . — = tan 

and, sm °-cosb, «• 
ton 6 


(page 39), 


. * . A ^ = cos a cos 6, 

tow A tow B 

= cos c 
. ' . cot A cot 3 = cos c ; 


(3) 


. • . cos c = cot A cot B. 


(4) 


To prove (2), we have, — 




cos B = cos a sm A. 




For, sin a = sine sin A, 


(1) 


and, tan a = tan c cos B ; 


(5) 


multiplying these crosswise, we have — 




sin a tan c cos B = tow- a sin c sin A : 


» 


x> tow a stw c sin A 

. . cos Jtf = , 

sin a tan c 




Digitized by LjOOQ IC 



136 SOLUTION OF SPHERICAL TRIANGLES. 

tana sine . A 

= -: — . . sin A, 

stn a tan c 



1 
cob a 

1 
cos a 
_ cos a 
~~ cos a 
.*. co»B = cosb sin A; 
and the other case of the formula 
cos A = cos a sin A 
is proved in the same way. 



cos c . sin A, 

cos a cos b . sin A, 

cos b . sin A ; 



From these fundamental theorems we can obtain 
many others, which we do not give here, because it 
is desirable to keep the subject, at this elementary 
stage, as clear and simple as possible. 

In the next chapter we shall discuss the methods 
of solution of spherical triangles. 



CHAPTER V. 

Solution op Right-angled Triangles. 

In plane triangles (page 21), if we have three out 
of the six parts given we can find the other three. 
If the triangle be right-angled, then two of the five 
remaining parts will suffice, and we may use the 
theorem of Euclid, L 47. 

So, in a spherical triangle, if we have three parts 
given us we can, generally speaking, find the other 
three, but we cannot, even in right-angled triangles, 
use Euclid, 1. 47, because of the practical difficulties. 

But there is this especial peculiarity in spherical 
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triangles, that we have, in reality, six angles to find, 
and then the arcs corresponding to three of these six. 

Example. — Given side b and angle A. 
Then, of the six terms A, B, C, a, b, c, three, A, b, C, 
are known, and the substitution of their values in 
the fundamental equations will generally give the 
values of the others, or equations from which they 
may be found. 
Thus, to find a, 

tan a = tan A sin b : 
to find c, 

cos c = cos a cos b: 
to find B, 

cos B = cos b sin A. 

Example.— Given B, C, and c, to find A, b, c. 
To find a, 

tin a = sin c sin A : 
to find c, 

cos c = cos a cosb: 
to find A, 

cos A = cos a sin B. 
Notice, that to find a, in one example we use 
tan a = tan A sin b, 
and in the other, 

sin a = sine sin A. 
This is because in one A and b are known, and in 
the other A and c. The process of solution is very 
simple. It is only to select the particular equations 
which contain on one side the unknown, and on the 
other only the known, quantities. 

But in finding o, b t c, by the sines, tangents, &c, 
we find, not the sides, but the angles belonging to 
them : we have then to find the arcs corresponding 
to these angles, which are the sides of the triangle. 

Example.— "Let A = 30°, b = 60°, C = 90°. 
Required B, a, and c. 

n 2 
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To find B, 

cos B = cos b sin A, 
= cos 60° sin 30°, 
= *.*, 
= *, 

= cos 75° 81'; 
.-. B = 75°31'. 
(Notice that the sum of the three angles is not 
necessarily 180°.) 

To find a, 

tan a = tan A sin b, 

= tan 30° sin 60°, 
_ 1 V3 

. * . the angle a is the angle whose tan is h; 
.-. o = 26°3S v . 



To find c, 

cos c = cos a cos b, 

= -8945446 x -5, 
= cos 63° 26', 

.-. c = 63°26'. 



CHAPTER VI. 
Oblique-angled Spherical Triangles. 

The fundamental theorems of oblique-angled spheri- 
cal triangles are more complex than those of right- 
angled triangles, just as is the case with plane 
triangles. To speak more philosophically, however, 
we should say that the formulae used for solving 
spherical triangles generally are numerous and corn- 
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plex, but that in the case of spherical triangles 
haying one right angle we have also other and more 
simple formula. The formula for oblique-angled 
triangles are also true for right-angled triangles, 
and those in use for right-angled triangles are, in 
fact, more or less the same, in their simpler forms. 

The following is a list of the chief formulae, given 
to show its completeness. Each will be proved 
afterwards. 

As before, the three angles are expressed by 
A, B, C, and the three sides by o, b, c. 

Formulas. 
n v sin A _ sin B sin C . 

^ "' sin a ~~ sin b sin c ' 

or, sin A:smB:«»C:: sin a : sin b : sin c. 

, n v r. COS C — C08 a cos b 

(2.) cos C = : .— , . 

v ' sxn a sin b 



sin (s— a) sin (s— b) 
sin a sin b 



(3.) •frji-v'; 

(4.) co,^ / sin,sin(s-c) 

v ' 2 \/ sxn a sxn b 

( 5.) tan% = K Am fr-q) sin H) 

2 V sm s sin (s—c) 

,„ v x A+B ,C cosj (a— 6) 

(6.) tan =Z— = co«^ . \ ) '. 

v ' 2 2 cos £ (a + o) 

/rr x ^ A— B . C sm i (a— 6) 

(7.) tan A = c(rf ^- . . * ) , , ( . 

(8.) cot a sin c = cos c cos 3 + *w» B cot A. 

A 
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Let A B C be any spherical triangle. 
From A draw A D perpendicular to the plane 

ofBOC. 
From D draw D M perpendicular to B 0, and 

D N perpendicular to C 0. 
Join AM, AN, and DO. 
Then also A M and A N are right angles. 
For ADM and A DO being each 90°; 

= (AO s -DO»)+DM 8 , 

= A0 2 + (DM a -D0 2 ), 

= AO*+OM*; 

.•.AM»=AO a + OM J , 

and AM O is 90°. 

AlsoANOis90°. 

Then ^ = sin AOB ore, 
A O 

M = «nAOCor6, 
^=*™B,forAMD = B. 

^-? = sin C, for AND = C. 

The other ratios of B, C, b, c, are expressed by 
means of the same triangles; but those of A and a 
require another, but similar, figure. 

But as we have to do, not so much with the actual 
ratios as with their relations, two angles and two 
sides will be enough. 

We have now to prove the formula given above. 

,, v sin A _ sin B _ sin C 

sin a sin b sin c 
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A D . x» . 

AM = 8mB ' 
.-. AD = lMsiftB; 

also ^4f = *in C ; 

AN 

.-. AD = ANwnC; 

. • . AMsmB=ANw»C. 

But A** - «n c, and ^-5 = sin 6; 

,-. AM = A O sin c, and A N = A O sin b. 

, A sin c sin B = AO sin b sine; 
r.sincsinB = sinb sin C ; 
. sin B __ «w C 
sin b sin c 
sin A sin C . 



In same way, 



sin a 8%n c 
sin A _ mB _ sin C 
sin 6 



«iw a sin ft sin c 
or, sin A : sin B : sin C : : sin a : sin 6 : sin c. 



(2.) To find the angles when the three sides are 
given. 

A 
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A cos a — cos b cos c 

COS A = r—z — : • 

sin b sin c 

Prom M in AO draw MN and MP perpendicular 
toAO. 

Join NP. Then NMO and PMO are right 
angles. 

Then PN* = PBP+NBP-2PM . NM cos PMN; 
also, PN^POHNO 2 -2PO.NO cos PON; 
subtracting, 

PO 2 - PM? + NO 2 - NM 8 l 



h 



' ' + 2PM.NMcosPMN-2PO.NOcosPONJ 

But PMN = A, and PON = a; 

also, PO a -PM a = OM a ,andNO a -NM a = OM?; 
.-.20M?+2PM.NM cos A-2P0. NO cos a = 0; 

.-. PN . NM cos A = PO . NO . cos a - OM 2 ; 

A PO.NO OM 2 

. *. cos A = t^ \l*i co 8 a ~ 



PN.NM PN.NM' 

OM 2 k PM.NM 



PO.ON PO.ON 



cos A, 



_0M OM PM NM . 

= cos b cos c + sin b sin c cos A ; 

A cos a — cos b cos c 

. • . cos A = r-^ — ; ; 

sin o sin c 

which is an expression for the cosine of an angle in 
terms of the sides. 



/ON . c / sin is— a ) sin (s— o) 

(3.) sin - - = a / • • i *• 

2 v^ sin a sin b 

Let a n be expressed by s ; i.e., let s be the 

symbol for half the sum of the sides. 
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m , , . , cos a — cos 6 cos c. 

Then 1 — cos A = 1 . , . ; 

sin o s%n c 

o . o A cos b. cos c + sinb sin c — cos a 

. * . 2 stn 2 -^ = — — s . 

2 stn o sin c 

Because 1 - cos A = 2 stn 3 — (page 97). 

Also cos (o — c) = cos b cos c + tin b sin c (page 71). 

o . 9 A cos (b—c) — cos a 

' 2 sin* -=- = — \— ' . , 

2 sm o stw c 

Jfi Stn jr . S»W g 

2 2 . 

~~ sin b sin c 

. s A _ sin (s— 6) . sw (s— c). 

. . 8191 -7? ; _ . ) 

2 stn o . s%n c 



A sin b sin c 



A / 

which is the same as above, putting A for G. 



,. x C /stn s stn (s— c) 

(4.) 0*-^= a/ : ^— J—' 

x ' 2 V stn a sin b 

n 

As above 1 + cos C = 2 cos 2 ^, 

j n • cos c (cos a . cos 6— stn a stn 5) 

ana 2 cos" 7^-= > : : — = s 

2 stn a sin b 

__ cos c — cos (a+b) 

sin a . stn b 

Q -v. a + 6+c . a +b—c 
2 stn — g — . stn ^ — 

stn a . stn b 
• -A.2C stn s . stn (s^c) . 

• . COS yt =■ : • — 7 — > 

2 stn a . stn o 
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C /sin 8 . 8171 (s—c) 

2 v^ sin a sin o 



(5.) to»|= ^/^SESJSSrg. 



fern I = 





«t» 2 

0' 
cos 2 



</ 



sin 8 sin (s— c) 



sin (s— a) sin (s— 6) 
stn a siw- 6 



v- 



sin s sin (s—c) 
sin a sin b 



-w 



sin (s— a) 8m (s— o) 
stw s sin (s—c) 



C cosJYa— 6) 



(6.) fc.^+1 -«*«._ 

For , .faA+B = O. «*&=£ 
2 2 cos £ c 



* (« + &)' 



and 



r A+B _ ,- O «» H*+&) : 



'5 




cos J c 



2 . ' cosic ' 



= CQ<g. CQ8 *( a - 6 ). 

2 aw^c 
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(7.) to nA=B = ^g.^K a -g. 
N ' 2 2 sin I (a + b) 

xi • A— B , rt sin £ (a— 6) 

For, sw — s — = cos i C . =-^ — s 

2 sm 2 c 

«^^ A— B • ,n sin h (a + b). 

and cos ^ = sin £ C . 4-N ; 

2 sin $ c 

. *„« A— B cos 5 C «n i (a— 6) 

. . fan — — — = — ; — — ■?- , — — — ; J$ • 

2 sin k C sin 3 (axb)' 

= wt G sin j f«-t) 
2 sin 5 (a + 6) 



(8.) co£ a sin c = cos c cos B + sin B co£ A. 
For, cos a = cos b cos c + sin b sin c cos A ; 

also, cos = cos c cos a + sin c sin a cos B ; 

substituting the value of cos b for cos b, in the first 
equation, 

cos a = (cos a. cos c + sin a sin c cos B) cos c 
+ sin b sin c cos A. 



CHAPTER VII. 

Solution op Spherical Triangles. 

Besides the formula established in the last chapter, 
we have also some fundamental theorems which are 
of use in the solution of triangles. 

These theorems will also illustrate the difference 
between spherical and plane triangles in many im- 
portant points, as well as show that in some they 
are alike. 

Ttieorems. 

Any two sides of a spherical triangle are together 
greater than the third. 

o 
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The greater side of a spherical triangle is opposite 
the greater angle. 

Any two angles of a spherical triangle are together 
less than the third angle + 180°. 

In these respects spherical and plane triangles are 
alike : in the following we find them differ. 

Tlie sum of the three angles of a spherical triangle is 
greater than two and less than six right angles. 

The sum of the three sides is less than 360°. 

The sum of two sides is 180° if the sum of the oppo- 
site angles be 180°, greater if it be greater, and less if 
it be less ; Le., the sum of any two sides are greater than, 
equal to, or less than, 180°, according as the sum of the 
opposite angles are greater than, equal to, or less than, 
180°. 

The sum of the three sides are less than 360° ; ie., 
the three angles of the solid angle at the centre of the 
sphere are together less than 360°, or four right angles. 

By means of the formulae of last chapter and the 
above theorems, we are able to find all the sides and 
angles of spherical triangles if three out of the six 
be given us. In right-angled triangles (i.e., triangles 
having one angle = 90°), we require only two parts 
in addition to the right angle. 

Solution of Right-angled Triangles. 
Case 1. If one side and one angle be given. 
Let A and a be given (c = 90°) to find B, b, and c. 

Then, sinB = ^A : 

cos a 

which gives B. 



sin o = — . 

tan A 

which gives b. 
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sin a . 



sin c = 



sin A 
which gives c. 



Thus we find B, b, and c, from A and a. 
Example.— Let A = 25°, a = 13°, C = 90°. 
Kequired B, b, and c. 

Notice, that all the purts (angles and sides) are ex- 
pressed in degrees. If the actual length of the side be 
required, it can be found, by calculating what portion 
of the circumference it is. 

mi. • x» cos A . 

Then, sm B = • 



• . sin B = 



cos a 
cos 25°. 



cos 13° ' 
. • . L sin B = L cos 25°-L cos 13° + 10, 

= 9-9572757-9-9887239 + 10, 
= 9-9685518, 
= Lsm68°27' + ; 
.-.B = 68°27'+; 
i.e., B is between 68° 27' and 68° 28'. 

Notice, that 10 has to be added to one side of the equa- 
tion, because L sin B = I sin B + 10 ; while the two 10's 
on the other side balance each other. Thus — 

L sin B = L cos 25° - L cos 13°, is the same as 

log sin B + 10 = log cos 25° + 10 - log cos 13° - 10. 



. , tan a 
sin b 



tan A* 

, L sin b = L tan a— It tan A + 10, 

= L tan 13°-L tan 25° + 10, 
= Lsm26°2(y+; 
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.-.fe = 26°2(y+, 



sin a 

i c = . 



sin A* 
. L sin c = L sm a— L sin A + 10, 

= L sin 13°-L sin 25° +10, 
= Lsm32°9'+; 
.-. c = 32°9 / +. 



Therefore, A = 25°, 

B = 68° 27', 
C = 90°. 
a = 13°, 
6 = 26° 2CX, 
c =32°9 / ; 
which is the complete statement of the triangle. 



Example.— Let B = 17° and a = 41°. 

Kequired, A, b, and c. 

Then, cos A = cos a sin B, 

tow b = ton B sm a, 
cos c = cos a cos o. 



Thus, cos A = cos a sin B, 

= cos 41° sm 17°; 
. * . L cos A = L cos 41°+L sin 17°-10, 

= 9-8777799+9-4659353-10, 
= L cos 77° 16'+; 
-.A = 77°16 / . 



ton o = ton B sin a, 

= ton 17° sin 41°; 
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, L tan b = L tan 17° + L sin 4P-10, 
= 9-4853390 + 9-8169429-10, 
= L tan 11° 20'+; 
.-.6 = 11° 20'. 



cos c = cos a cos b, 

= cos 41° cos 11° 20 7 , 
L cos c = L cos 41°+L cos 11° 20'-10, 
= 9-8777799 + 9-9914478-10, 
= L cos 42° 15'. 



Therefore, A = 77° 16', 

B = 17°, 

C = 90°, 

a = 41°, 

b = 11° 2(X, 

c = 42° 15', 
and the triangle is completely known. 

In the same way all the other cases of right-angled 
spherical triangles may be solved, by the use of the 
formula in Table 8. 

Solution of Oblique Spherical Triangles. 

The formula nsed in the solution of oblique 
spherical triangles are given and proved on p. 139, 
but are repeated here for convenience of reference. 

•, v sin A _ sin B sin C 

sin a sin b sin c ' 

(2.) cos c = cos a cosb + sin a sin b cos C. 

(3.) cot a sin c = cos c cos B + sm B cot A. 

(4.) te»^=«rf£.^fc=& 

v J 2 2 cos I (« + &) 

o 2 

/- 
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(5.) tan±Z?L= co*g. Hn \ ( a " h \ 



(6.) sin 9. = / sin(8-*a)sin(s-b) 
2 A/ sin a sinb 

(7.) cos 5 = / «» ; a™ (^) 



(8.) tan £ = A / ffe ( s - g ) 8m («-*) 
* / V «»» s . «m («— c) ' 



sin (s— c)" 
In the above, «= a+ |+ c , 

]ir = sin (8— a) gtn (s— ft) sin (s— c) 

sin s 

Case 1.— If a, &, and C, be given to find A, B, 
and c. 

Then, tanh = A MM»>M . 

2 \^ sm88mi5'--a5 ' 

and *™ g - A" («-«) *f fr-Q . 

2 A^ 8*71 8 SMI (8— J) 

which would give A and B, but that c is unknown. 

But tan A+? = co * Q. »»M) . 

2 2 cos *(«+&) 

and to- ^-^g sinHa-b) 

2 2 sm i (a+b)' 

which expressions give the sum of A and B, and 
also their difference, in terms of C, a, and b, all of 
which are known. A + B and A — B being known, 
A and B are easily found. 
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The third side, c, is found thus : — 

sin c __ sin C . 

sin b sin B ' 

sin C . z 
. • . sine = ; _ ,8ino: 
sin B 

which gives c, and the triangle is known entirely. 



Case 2.— If A, B, and c, be given to find 0, a, 
and b. 



A-B 

cos ^ — 



Then, tan^tani.—^, 



cos _ 2 _ 

. A-B 
sm — _jr 



and to «^i=ton|._^; 

which gives a+b and o— b in terms of A, B, and c, 
all of which are known, and therefore gives a and b. 
To find C, we have,— 

^^ sin C sin c . 

"~^~ sin B "~ stn 6 ' 

.•.8mC=^.smB. 
which gives 0, and the triangle is entirely known. 
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RELATIONS BETWEEN KATI08. 





Table 1.- 
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Table 2. 
Facts and Formula. 



Pfcge. 

Sin = -A- . cos = — . 'tan = — . . . . 43 
cosec sec cot 

Sec = — . cosec = — . cot = — . . . . 43 
cos sin tarn, 



Sin ) always between 1 and — 1 ; ) 

Cos ) i. c, never greater than 1 J * * * 



58 



Sec ) always between 1 and oo ; ) — 

Cosec J *'. e. t never less than 1 J ' * * 

Tan ) may be any magnitude; ) ^o 

Cotan ) i. e., varies from — oo J * * ' w> 
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TABLB 3. 
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Table 4, 



Signs of the Ratios. 
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Table 5. 
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156 ratios op compound angles. 

Table 6. 

Reference 
Page. 

Ratios of (A + B) expressed in terms of A 
andB:— 

Sin = sin A . cos B + cos A . sin B . 69 
Cos = cos A . cos B — sin A . sin B . 69 

,p __ fanA + ton B 

""" 1 — ton A . ton B 
pr . __ 1 — ton A . ton B 

"" ton A + ton B 

~~ cos A . cos B — sin A . $m B 

Cosec = - — r ^— j 7—^ . 

«n A . cos B + cos A . sin B 



Table 7. 

Ratios of (A — B) expressed in terms of A 
andB:— 



Reference 
Page. 



Sin = sin A . cos H — cos A . sin B . 71 
Cos = cos A . cos B + sin A . sin B . 71 
ton A — tan B 



2bn = 
Cot = 



1 + ton A . ton B 
1 + ton A . ton B 



ton A — ton B 

^g __ £ 

cos A . cos B + sin A . sin B 

<*» = „ * A .. 

s*n A . cos B — cos A . sw B 
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Table 8. 

Facts and Formulas for the Solution of 
Triangles. 

Refrr*no« 
Pttgt. 

Ckcumference = g, = 355 = 3 . 14159 saw % 75 

Diameter 113 

Circumfe rence = 360? = ga. - 6*28318 . 75 
Radius radius " 

it expresses the ratio of circumference to 
diameter 76 

«° expresses the number of degrees con- 
tained in an angle subtended by an arc 
equal in length to the radius 76 



Sin A : sin B : sin C : : a : b : c 60 

Sin A _ sinB _ sin C ^ gj. 

a be 



* = *(a + 6 + c) 



Area of triangle — 

= a &c sin A = \/ s (s—a) (s— J) (— c) 

P 
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158 equivalent yalue8 of ratios. 

Table 9. 
Equivalent Values. 

Reference 
Page. 

Sin A = 2 sin t A cos * A . . . 96 

Cos A = cos 2 * A -ran 2 * A. . . 96 

= 2cos 2 *A-l 96 

= l-2sin 2 *A . . . . 96 

TanA=, 2tan \t K 96 

1 — ton* i A 

teA = _-— ^ -- ... 96 

2 sin t A cos £ A 

890 A = 2 X A X - 2 1 A * * 96 

cos 2 i A — ran 8 i A 

Cot A= 1 ~f w * , * A 96 

2 ran £ A 



Sin 2 A = 2 sin A cos A 94 

Cbs2A =cos 2 A — ran* A .... 94 

= 2 cos 2 A-l 94 

= 1 - 2 ran* A 95 

2hn2A= ^IdwA 95 

1 — ton 2 A 

(7osgc2A= . I r 95 

2 ran A cos A 

&* 2A= * , 8A .... 95 

cos 2 A — »»»' A 

Co* 2A = 1 -^ A 96 

2 ton A 
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EQUIVALENT VALUES OF JiATIOS. 



Sin A = V i (1 - cos 2 A) 
Cos A = V i (1 + cos 2 A) 
q - con 2 A 
cos 2 X 



Taw A 






Cosec A = 



Sec A = 
Co* A 



V i (1 - cos 2 A) 

1 
^ * (1 + cos 2 A) 
/ 1 + cos 2 A 
"VI- cos 2 A 



159 

lll'fVtTflW 

97 
97 

, 97 
97 

. 97 
. 97 



Sin A = Va + ^2A)4y(l-«in2A) y8 

Cos A - «/q + ri»2A)-JQ— fa2A) g8 

2 

Tank - V( 1 + ^ 2A) + a/(1-^2A) g8 



Cosec A = 
^c A = 



VC1 + w» 2 A)~+V (1 ~ «& 2 A) 
2 



98 
98 



V(l + sin 2 A) - V (1 - «** 2 A) 

1 — COS 2 A gy 

cos 2 A 
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APPENDIX. 



PAET I. 

EXERCISES AND PROBLEMS. 

CHAPTER II. 
!bf the right-angled triangle, ABC. 
A 

\ 



B a C 

(1.) 6 = 7 and c = 14. 

(2.) 6 = 4 and a = 4. 

(3.) a = 3 and c = 6. 

(4.) 6 = 1-74 and a = 3. 

(5.) a = 3-48 and c = 4. 

(6.) a = 3-48 and c = 400. 

(7.) A ladder 14*1 feet long made an angle of 45° 
with the side of a house, liequired the remaining 
angle and the sides of the triangle so formed. 

(8.) A string 20 feet long, tied to the top of a tree, 
reached the ground at 10 feet from the root. Re- 
quired the remaining side and angles of the triangle 
formed by the tree, string, and ground. 



Required a, A, and B. 
Required c, A, and B. 
Required 6, A, and B. 
Required 6, A, and B. 
Required 6, A, and B. 
Required 6, A, and B. 
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(9.) A boat crossing a Rtream 100 yards wide, 
made an angle of 30° with the direct route. Re- 
quired the triangle formed by the lines of route and 
opposite bank. 



CHAPTER in. 



(1.) Sine 
(2.) Cosine 
(3.) Tangent 
(4.) Sine 
(5.) Cosecant 
(6.) Cotangent = 



= 4 

= * 
= 2 



Find the values of the 
remaining ratios. 



(7.) Secant = 2 

(8.) Sine = - £ 

(9.) Cosine = - i 

(10.) Tangent = - £ 

(11.) Secant = - 7 

(12.) Cosecant = - 6 

The negative values are given to accustom the 
mind to them, and to give facility in working them. 
(13.) Tan = 7*784, find sin and sec. 



(14.) Sin = -47, 

(15.) Tan = 7 '41, 

(16.) Sec = 4-8, 

(17.) Cos = -57, 

(18.) Cosec = 4-84, 

(19.) Sec =3-6, 

(20.) Cot. = 7-4, 



find cot and cos. 
find cos and cosec. 
find si/i and tan. 
find ton and sec. 
find tan and cos. 
find sin and ton. 
find all the other ratios. 



p 2 
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CHAPTEB IV. 




1.) AB = 4,AE = 5,BC = 1. FindAC,AD, 
"DE. 



DE 



'2.) AB = 5, CD = 1. Find AC, BE, BC, and 



(3.) AC = D C. Find the value of ~ and 
BC 

(4.) What relation exists between DE and BC, 
ana when are they equal ? 
(5.) Find the magnitude of a and p, when D' E' 



of 



(6.) 

AE' = 

(7.) 

(8.) 

(9.) 

(10.) 

(11.) 

(12.) 

(13.) 

(14.) 



Find the 

:2AD\ 

Prove p = 
AB = 5. 
If sin a 
If cos a 
If tan a 
If cot a 
If sec a 
If cosec a 



magnitude of angle ABC, when 

30°,whenAB = BD. 

FindAC,AE,andDE,if/3=30 o . 
= -484, find cos, tan, and sec of p. 
= *574, find tan and cosec of j3. 
= 4*79, find sin and cos of /3. 
= 6*84, find sec and sin of p. 
= 7*9, find tan and cosec of p. 
= 2*57, find all the ratios of p. 
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CHAPTER V. 



B a c 



(1.) If a = 3,6= — 4. Find the values of A and B. 

(2.) If a = - 3, 6 = - 4. Find the values of A 
ana 6. 

(3.) Sin = |, cos = - ^?. Find the magnitude 

of the angle, and the remaining ratios. 

(4.) Sec = 2, ton = — ^3. Find the magnitude 
of the angle, and the remaining ratios. 

(5.) Cot = — 2 cos. Find the other ratios and the 
angle. 

(6.) Sin = -^. Find the other ratios and the 

angle. 

(7.) Find all the ratios of 240°. 

(8.) Find sin and cot of 375°. 

(9.) Find tan and sec of 286°. 
(10.) Find cot, sec, and sin of 165°. 
(11.) Find all the ratios of 300°. 
(12.) Find all the ratios of 120°. 
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b a c 

In the above triangle — 

(1.) c = 4, 6 = 2. Find a, A, and B. 

(2.) a = 17*4, c = 20. Find b, A, and B. 

(3.) b = 2, c = V& Find a, A, and B. 

(4.) a = 4.7 feet, 5 = 39 feet. Find A, B, and c. 

(5.) a = 2-75, c = 3-5 feet. Find A, B, and b. 

(6.) a = 15 inches, A = 14°. Find B, b and c. 

(7.) c = 7 inches, A = 24°. Find B, a and &. 

(8.) a = 1 mile, 5 = 795 yards, C = 90°. Find 
A, B and c. 

(9.) a = -49 of a mile, A = 17°. Find B, b and c. 
(10.) a = 9 inches, c = 18 inches. Find A, B and 6. 
(11.) c = 47 yards, A = 4°. Find B, a and b. 



CHAPTER VII. 



(1.) Find the values for sine and cosine of 120°, in 
the terms of the ratios of 90° and 30°. 

(2.) Find the above also in terms of 60° and 60, 
and of 180 and 60°. 

(3.) Find the ratios of 90° in terms of 45° and 45°. 
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(4.) Find the sine, cosine, and secant of 60° in terms 
of 90° and 30°. 

(5.) Express the sine, secant, and tangent, of 27(P 
in terms of 180° and 90°. 

(6.) Express the cosine and tangent of 180° in terms 
of 90° and 90°. 



CHAPTER Vm. 



(1.) Express 14*741 grades in degrees, minutes, Ac. 

(2.) Express 14° 14' 14" in grades, minutes, &c. 

(3.) In a right-angled triangle, the perpendicular 
equals half the hypothenuse. Express the angles in 
degrees, and in grades. 

(4.) Find the ratio between 67° 14' and 77' 14'. 

(5.) Express 101 grades in degrees, minutes, <fcc. 

(6.) Express 84° in grades, minutes, &c. 



CHAPTER IX. 

(1.) Express 36° 10' as a fraction of a>°. 

(2.) In a right-angled triangle, one acute angle 
is \ of the other. Find the three angles, and express 
them in English, French, and circular methods. 

(3.) Express -j in grades, also in degrees. 

(4.) A circle has a radius of 8*47. Find the ratio 
of an arc 4-27 to the circumference. 
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CHAPTER X. 

(1.) The sine of an angle = '3784: of the radius. 
Find the angle. 

(2.) In a right-angled triangle the perpendicular 
is £ of the hypothenuse. Find the three angles. 

(3.) The base of a right-angled triangle = £ hy- 
pothenuse. Find the three angles. 

(4.) a = 494, A = 90°, B = 23° 34'. Solve the 
triangle. 



CHAPTER XI. 



(1.) Given C = 14° 24', a = 478, b = 394. Find 
A, B, and c. 

(2.) Given B = 17° 34' 18", a = 23*94, c = 17-14. 
Find A, C, and b. 

(3 ) Given A = 39° 14' 29", b = 87*4, c = 84*3. 
Find B, C, and a. 

(4.) Given A = 14° 3' 41", b = 84'41, a = 32'7. 
Find B, C, and c. 

(5.) Given B = 37° 8' 82", a = 39*47, b = 84*32. 
Find A, C, and c. 

(6.) Given C = 41° 13' 42", b = 14*27, c = 39*41. 
Find A, B, and a. 

(7.) Given A = 14° 31' 14", B = 80° 1' 14", c = 
39-78. Find C, a, and b. 

(8.) Given A = 89° 14' 14", C = 30° 4C, b = 41-69. 
Find B, a, and c. 
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PAET II. 



(1.) Prove 



an 



GENERAL EXAMPLES. 

sin 1 

cos \r cosec 2 — 1 
(2.) Prove cot 2 . cos 2 = cot 2 — cos 2 . 
(3 ) Prove sec 2 x cosec 2 = sec 2 + cosec 2 . 

r± \ two * ane t an 20 ° + tan 4°° 
(4.) Prove tan 60° = 1 z^^^W' 

(5.) Prove (to 45° + A) = * + to A 

1 — ton A 

(6.) Prove i±i™_A = <an (450 + Ay 
cos A V 2/ 

(7.) Given a = 14713, c = 7-81, B = 47°. 

(8.) Given b, c, and B, to find A, C, and a. 

;9.) A = 49° 1', B = 37° 6', c = 37*4. Find C, a. 



(10.) Given B = 95° 3', C = 14°^, and b = 7*8. 
Find A, a, and c. 

(11.) A castle is surrounded by a moat. Find the 
height of the castle and the width of the moat. 

(12.) A C is a flagstaff on the top of a tower C D. 
Required the height of each. 

(13.) To find the width of a marsh without cross- 
ing it. 

(14.) The spire of a church, 200 feet high, sub- 
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tends at A, on the north, an angle of 24° ; and at B, 
on the east, an angle of 31°. Required the distance 
of A from B. 

.) From the ratios of 90° and 60°, find those of 
and 30°. 

(16.) From the ratios of 90° and 30°, find those of 
120° and 60°. 

(17.) From the ratios of 60° and 30°, find those 

(18.) From the ratios of 90° and 45°, find those 
ofl35°. 

(19.) From the ratios of 60° and 45°, find thoso of 
105° and 15°. 

(20.) From the ratios of 30° and 45°, find those of 
75° and - 15°. 

(21.) If the diameter of a circle be 10 feet, what 
angle does an arc of 7 feet subtend ? 

(22.) If the radius be 8 feet, what is the length of 
the arc subtending an angle of 49° ? 

(23.) If the length of an arc be 8 inches, and the 
angle 4°, what is the length of the radius ? 

(24.) In a circle of 12 feet radius, find the number 
of degrees in an arc of 40 inches, and the length of 
an arc of 40°. 

(25.) The circumference of a circlf is 18 feet ; find 
the length of an arc of 80°, and the number of 
degrees in an arc of 4 feet. 

S26.) In each of two circles, one of 3 inches radius, 
the other of 4 feet, take an arc of 20°, and com- 
pare the lengths. 
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